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Gödel’s Legacy in Action
According to Google Scholar of April 29, 2011, the list of ten 
most cited papers in mathematical logic published after 2000 in 

Annals of Pure and Applied Logic
The Journal of Symbolic Logic
The Bulletin of Symbolic Logic
Archive for Mathematical Logic
Mathematical Logic Quarterly
Fundamenta Mathematicae

includes direct descendants of two Gödel’s papers, and these 
papers are: 
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Gödel’s Legacy in Action
Eine Interpretation des intuitionistischen Aussagenkalkuls. 
Ergebnisse Math. Kolloq., 14: 39–40, 1933. 

Über eine bisher noch nicht benütztwe Erweiterung des finiten 
Standpunktes, Dialectica, 12: 280–287, 1958.

The latter has been already covered beautifully in Ulrich 
Kohlenbach’s talk yesterday. So, we will concentrate on the 
former. 
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BHK semantics

4



BHK semantics

Brouwer, Heyting: intuitionistic foundations
Kolmogorov: classical proofs (problem solutions) to interpret 
intuitionistic logic
Gödel (1933): classical provability to interpret intuitionistic 
logic
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Gödel’s embedding
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Logic of Proofs as BHK
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Lessons to learn from LP
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Lessons to learn from LP
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Kleene, Martin-Löf
Kleene realizability disclosed a fundamental computational 
content of intuitionistic derivations which is however quite 
different from the provability semantics. 

Martin-Löf: comprehensive computational semantics of 
intuitionistic derivations - not semantics of proofs... 
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BHK: proofs vs. programs 
Kleene realizers are programs rather then proofs. The predicate 
r realizes F is not decidable whereas p proves F is decidable. 

Realizability logic is different from the logic of proof and from 
IPC. 

Computational semantics does not fit to the original BHK; the 
well-known disjunction clause for realizability: 
a proof of P v Q is a pair <a,b> where a is 0 and b is a proof of 
P, or a is 1 and b is a proof of Q
is a doctored version of the original BHK clause. 

Kleene in 1945 did not mention BHK and later denied any 
connection of his realizability with BHK interpretation.
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Proof-based BHK  
Proof-based BHK relates logic to epistemology. The celebrated 
account of 

Knowledge as Justified True Belief 
commonly attributed to Plato, has been a subject a broad 
discussion in epistemology. The standard epistemic modal logic 
has represented the True Belief components of Plato's analysis. 
However, the notion of justification, which has been an essential 
component of epistemic studies, was conspicuously absent in the 
mathematical models of knowledge within the epistemic logic 
framework. 

Logic of Proofs and its successor, Justification Logic, supply the 
missing third component of Plato’s characterization. 
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Quantification and LP 
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First-order LP: format
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First-order LP: axioms
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First-order LP: example
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FOS4 = projection of FOLP
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Example
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Example: Barcan formula
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Conclusions
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Thank You!
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