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PROVABILITY LOGIC
1 INTRODUCTION
The idea of provability logic seems to originate in a short paper [Gödel,
1933]. K. Gödel was motivated by the question of providing Brouwer’s
intuitionistic logic, as formalized by Heyting, with an adequate semantics.
According to Brouwer, intuitionistic truth means provability. Here is a
summary from Constructivism in Mathematics ([Troelstra and van Dalen,
1988], p. 4):
“A statement is true if we have a proof of it, and false if we can
show that the assumption that there is a proof for the statement
leads to a contradiction.”
An axiom system for intuitionistic logic was introduced by Heyting in 1930;
its full description may be found in fundamental monographs [Kleene, 1952;
Troelstra and van Dalen, 1988]. In 1931–34 A. Heyting and A.N. Kolmogorov made Brouwer’s definition of intuitionistic truth explicit, though
informal, by introducing what is now known as the Brouwer–Heyting–Kolmogorov (BHK) semantics ([Heyting, 1931; Heyting, 1934; Kolmogoroff,
1932]). BHK semantics suggests that a formula is called true if it has a
proof. Further, a proof of a compound statement is described in terms of
proofs of its components:
• a proof of A ∧ B
• a proof of A ∨ B
of B;
• a proof of A →
proofs of B;
• falsehood ⊥ is a
for A → ⊥.

consists of a proof of A and a proof of B;
is given by presenting either a proof of A or a proof
B is a construction transforming proofs of A into
proposition which has no proof, ¬A is a shorthand

The BHK semantics is widely recognized as the intended semantics for
intuitionistic logic. In [Gödel, 1933] an attempt was made to formalize the
BHK semantics. K. Gödel introduced a modal calculus of classical provability (essentially equivalent to the Lewis modal system S4) and defined the
intuitionistic propositional logic IPC in this logic. Gödel’s provability calculus is based on the classical propositional logic and has the modal axioms
and rules
2F → F ,
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2(F → G) → (2F → 2G),
2F → 22F ,
` F ⇒ ` 2F (necessitation rule).
Gödel considered a translation t(F ) of an intuitionistic formula F into the
classical modal language: “box each subformula of F ” apparently regarding
such a translation to be a fair formalization1 of the Brouwer thesis
intuitionistic truth = provability.
Gödel established that
IPC ` F

⇒

S4 ` t(F ),

thus providing a reading of IPC-formulas as statements about classical provability. He conjectured that the converse (⇐) also held and concluded
in 1938 (see [Gödel, 1995], p. 100–101): Intuitionismus ist daraus ableitbar2 . The (⇐) conjecture was proved in [McKinsey and Tarski, 1948]. The
ultimate goal, however, of defining IPC via classical proofs had not been
achieved because S4 was left without an exact intended semantics of the
provability operator 2:
IPC ,→ S4 ,→ . . .

?

. . . ,→ CLASSICAL PROOFS.

Here, CLASSICAL PROOFS refers to systems based on a proof predicate
Proof(x, y) denoting “x is the code of a proof of the formula having a code
y” for a classical first order theory containing Peano arithmetic PA. Gödel in
[Gödel, 1933] identified a problem there and pointed out that a natural reading of 2F as the formal provability predicate Provable(F ) = ∃x Proof(x, F )
did not work.
Let ⊥ be the boolean constant false and 2F be Provable(F ).
Then 2⊥ → ⊥ corresponds to the statement Con(PA) expressing
consistency of PA. An S4-theorem 2(2⊥ → ⊥) expresses the
assertion that Con(PA) is provable in PA, which is false according
to the second Gödel incompleteness theorem.
Thus, [Gödel, 1933] showed that S4 was a provability calculus without an exact provability semantics, whereas the interpretation of 2F = Provable(F )
was an exact provability semantics for modality without axiom system
known. Gödel’s paper left open two natural problems:
1. Find the modal logic of the formal provability predicate Provable(F ).
1 This translation appeared earlier in a paper by I.E. Orlov [Orlov, 1928], who applied
it to a system different from S4.
2 Intuitionism is derivable from this.
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2. Find an exact provability semantics of S4 and thereby of IPC.
It was already clear that solutions to 1 and 2 led to essentially different
models of Provability, each targeting its own set of applications. The two
parts of the present paper — “Part I, Logic of Provability” (Sections 2–10)
and “Part II, Logic of Proofs” (Sections 11–16) — roughly correspond to
the developments around these two questions. Here in the Introduction we
briefly review main achievements in both directions.

Logic of Provability
The first significant step towards a solution of Problem 1 was made by
M.H. Löb [Löb, 1955] who formulated, on the basis of the previous work
by D. Hilbert and P. Bernays from 1939 (see [Hilbert and Bernays, 1968]),
a number of natural conditions3 on the formal provability predicate (nowadays known as Bernays–Löb derivability conditions) and observed that these
conditions were sufficient for the proof of Gödel’s second incompleteness theorem. Moreover, under the same conditions he found an important strengthening of the Gödel theorem. He proved that the following is a valid principle
of the logic of the formal provability predicate:
2(2F → F ) → 2F.
This powerful principle, taken together with the axioms and rules of the
modal logic K4 turned out later to provide a complete axiomatization of
the logic of formal provability. This system currenly bears the name GL for
Gödel and Löb4 .
M.H. Löb’s work, followed by significant advances in general understanding of formalization of metamathematics particularly in the hands of S. Feferman [Feferman, 1960], inspired S. Kripke, G. Boolos, D. de Jongh and
others to look into the problem of exact axiomatization of the logic of provability. Independently, the same notion appeared in an algebraic context in
the work of R. Magari and his school in Italy (see [Magari, 1975b]). A dramatic account of these early developments can be found in [Boolos and Sambin, 1991]. As an important early result on provability logic stands out a theorem by D. de Jongh, found independently by G. Sambin, who established
that the system GL has the fixed point property (see [Smoryński, 1977b;
Smoryński, 1985] and some details below).
3 These conditions were essentially expressed by the last two axioms and the necessitation rule of the above mentioned system S4, in other words, by the modal logic K4. So,
their validity must have been known to Gödel.
4 This logic was alternatively denoted by G, L, K4.W, PrL. Neither Gödel nor Löb
formulated the logic explicitly, though undeniably they established the validity of the
underlying arithmetical principles. Presumably, it was T. Smiley in whose work on the
foundations of ethics [Smiley, 1963] the axioms of GL appeared for the first time.
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H. Friedman formulated the problem of decidability of the letterless fragment of provability logic as his Problem 35 in [Friedman, 1975a]. This
question, which happened to be much easier than the general case, was
immediately answered by a number of people including G. Boolos [Boolos,
1976], J. van Benthem, C. Bernardi and F. Montagna. A breakthrough came
in 1976 when R. Solovay published a solution of the general problem showing that the system GL axiomatizes the provability logic for any sufficiently
strong and sound formal theory [Solovay, 1976]. He also showed that the
set of modal formulas expressing universally true principles of provability
was axiomatized by a decidable extension of GL, which is usually denoted
by S and is called the truth provability logic.
Solovay’s results and his novel methods opened a new stage in the development of provability logic, with several groups of researchers, most notably
in the USA (R. Solovay, G. Boolos, C. Smoryński), the Netherlands (D. de
Jongh, A. Visser), Italy (R. Magari, F. Montagna, G. Sambin, L. Valentini), and USSR (S. Artëmov and his students), starting to work intensively
in this area. Textbooks by G. Boolos [Boolos, 1979b] and C. Smoryński
[Smoryński, 1985], the first of which appeared very early, played an important educational role.
The main thrust of the research effort went into the direction of generalizing Solovay’s results to more expressive languages. Here we briefly
mention some of the probems that received prominent attention. Most of
them (though not all) are covered in greater detail below and roughly correspond to the sections in this paper.
First order provability logics. It was soon discovered that the first order version of GL is not arithmetically complete. G. Boolos formulated in
his book the problem of axiomatizing the full first order provability logic.
Improtant partial results in this direction were obtained by F. Montagna
[Montagna, 1987a]. A final negative solution was given in the papers by S.
Artëmov [Artemov, 1985a] and V. Vardanyan [Vardanyan, 1986]. In particular, V. Vardanyan showed that this logic is Π02 -complete, thus not effectively axiomatizable. Earlier S. Artëmov showed that the first order truth
provability logic is not even arithmetical. Independently but somewhat
later similar results were obtained by V. McGee in his Ph.D. Thesis, they
were never published.5 The later joint publication with G. Boolos [Boolos
and McGee, 1987] contained a certain strengthening of Artëmov’s theorem.
Even more dramatically, [Artemov, 1986] showed that the first order provability logics are sensible to a particular formalization of the provability
predicate and, thus, are not very robustly defined.
The material on first order provability logic is extensively covered in a
5 We are grateful to A. Visser for providing us with this information and with a copy
of V. McGee Thesis.
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later textbook by G. Boolos [Boolos, 1993] and in survey [de Jongh and
Japaridze, 1998], therefore we chose not to include any further details in
the present survey.
Intuitionistic provability logic. The question of generalizing Solovay’s
results from classical theories to intuitionistic ones, such as Heyting arithmetic HA, proved to be remarkably difficult. This problem was taken up
by A. Visser, D. de Jongh and their students. In [Visser, 1981] a number of nontrivial principles of the provability logic of HA were found. In
[Visser, 1985] a characterization and a decision algorithm for the letterless fragment of the provability logic of HA were obtained, thus solving
an intuitionistic analog of the Friedman’s 35-th problem. Some significant
further results were obtained in [Visser, 1985; Visser, 1994; Visser, 1999;
Visser, 2002b; de Jongh and Visser, 1996; Iemhoff, 2001a; Iemhoff, 2001b;
Iemhoff, 2001c] but the general problem of axiomatizing the provability
logic of HA remains a major open question. It is consistent with our present
knowledge, though in our opinion not very likely, that this logic is Π02 complete. See below for an overview of related results.
Classification of provability logics. Solovay’s theorems naturally led
to the notion of provability logic for a given theory T relative to a metatheory U , which was suggested by S. Artëmov [Artemov, 1979; Artemov, 1980]
and A. Visser [Visser, 1981]. This logic, denoted PLT (U ), is defined as the
set of all propositional principles of provability in T that can be established
by means of U . (Thus, the provability logic of T corresponds to U = T
and the truth provability logic corresponds to U being the set of all true
sentences of arithmetic.) The problem of describing all possible modal logics of the form PLT (U ), where T and U range over extensions of Peano
arithmetic, has become known as the Classification problem for provability logics. Partial results were obtained in [Artemov, 1980; Visser, 1984;
Artemov, 1985b; Japaridze, 1986] who, in particular, discovered four main
families of provability logics. The classification was completed by L. Beklemishev in [Beklemishev, 1989a] who showed that all relative provability
logics occur in one of these four families.
The Classification can be extended to a broader class of theories. In fact,
the same result holds for extensions of rather weak elementary arithmetic
EA (see below). However, it remains an intriguing open question whether
Solovay’s theorems can be extended to bounded arithmetic theories, such as
S12 or S2 . Partial results were obtained in [Berarducci and Verbrugge, 1993].
Provability logics with additional operators. Theorems by Solovay
have been generalized to various extensions of the propositional language
by additional operators having arithmetical interpretation.
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The most straightforward generalization is obtained by simultaneously
considering several provability operators corresponding to different theories. Already in the simplest case of bimodal provability logic, the axiomatization of such logics turns out to be very difficult. The bimodal logics for
many natural pairs of theories have been characterized in [Smoryński, 1985;
Japaridze, 1986; Carlson, 1986; Beklemishev, 1994; Beklemishev, 1996].
However, the general classification problem for bimodal provability logics
for pairs of r.e. extensions of PA remains a major open question.
There were also interesting bimodal logic studies of provability related
concepts different from the standard provability predicates, such as Mostowski operator, Rosser, Feferman and Parikh provability (see [Smoryński, 1985;
Visser, 1989; Shavrukov, 1991; Shavrukov, 1994; Lindström, 1996]). In a
number of cases arithmetical completeness theorems à la Solovay have been
obtained. These results have their origin in an important paper [Guaspari and Solovay, 1979] (see also [Smoryński, 1985]). They considered an
extension of the propositional modal language by witness comparison operator allowing to formalize Rosser-style arguments. Similar logics have later
been used in [de Jongh and Montagna, 1989; Carbone and Montagna, 1989;
Carbone and Montagna, 1990] for, e.g., the study of the speed-up of proofs.
Interpretability and conservativity logics. A. Visser, following V.
Švejdar, formulated another important extension of the language of provability logic. He introduced a binary modality ϕ ¤ ψ to stand for the arithmetization of the statement “the theory T + ϕ interprets T + ψ”. Interpretations here are understood in the standard sense of Tarski. This new
modality allows (in a classical logic context) to express provability 2ϕ by
¬ϕ ¤ ⊥, and thus is more expressive than the ordinary 2.
It turns out that the resulting interpretability logic substantially depends
on the basis theory T . For two important classes of theories T this logic
has been characterized. For finitely axiomatizable6 theories such as IΣ1
or ACA0 this was done by A. Visser [Visser, 1990]. For essentially reflexive theories, such as Peano arithmetic PA, this was done independently
by V. Shavrukov and A. Berarducci [Shavrukov, 1988; Berarducci, 1990].
These results substantially relied on a previous work of A. Visser, D. de
Jongh and F. Veltman who, in particular, developed a suitable Kripke-style
semantics for the interpretability logics.
These results remain, so far, the main successes in this area. A number
of principal questions are still open. For example, interestingly enough, an
axiomatization of the minimal interpretability logic, that is, of the set of
interpretability principles that hold over all reasonable arithmetical theories
is not known. A excellent survey of interpretability logic is given in [Visser,
6 To be more precise, one also requires here that the theories are sufficiently strong
and sequential.
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1998], see also [de Jongh and Japaridze, 1998].
The ¤ modality has a related conservativity interpretation, which leads
to conservativity logics studied in [Hájek and Montagna, 1990; Hájek and
Montagna, 1992; Ignatiev, 1991]. Logics of interpolability and of tolerance
introduced by K. Ignatiev and G. Japaridze [Ignatiev, 1993b; Dzhaparidze,
1992; Dzhaparidze, 1993] have a related arithmetical interpretation, but a
format different form that of interpretability logics. These developments fall
outside the scope of the present paper, see [de Jongh and Japaridze, 1998]
for an overview.
Magari algebras and propositional second order provability logic.
An algebraic approach to provability logic was initiated by R. Magari and
his students [Magari, 1975a; Magari, 1975b; Montagna, 1979; Montagna,
1980]. The provability algebra of a theory T , also called the Magari algebra of T , is defined as the set of T -sentences factorized modulo provable
equivalence in T . This set is equipped with the usual boolean operations
and the provability operator mapping a sentence F to ProvableT (F ). Magari algebras in general are all the structures satisfying the identities of the
provability algebra of PA.
Studying Magari algebras revealed many interesting properties of provability. Some of them can also be reformulated in purely logical terms,
but for many other questions an algebraic context is the most natural one.
An early refinement of Solovay’s theorem is its so-called uniform version
that was discovered independently in [Montagna, 1979; Artemov, 1979;
Visser, 1980; Boolos, 1982; Avron, 1984]. In algebraic terms this result
means that the free Magari algebra on countably many generators is embeddable into the provability algebra of any sound theory T . [Shavrukov,
1993b] proved a far-reaching generalization by characterizing all r.e. subalgebras of the provability algebra of T .
Using the notion of provability algebra one can give a provability semantics to a considerable subclass of propositional second order modal formulas,
that is, modal formulas with quantifiers over arithmetical sentences. These
are just the first order formulas over the provability algebra. For several
years the questions of decidability of the propositional second-order provability logic, and of the first order theory of the provability algebra of PA,
remained open. [Shavrukov, 1997a] gave a negative solution to these questions. His result was proved by one of the most ingenious extensions of
Solovay’s techniques. We note that the difficult question of decidability of
the ∀∃-theory of this algebra remains open.
Applications in proof theory. The logic of formal provability was designed with a hope for applications in proof theory. It considerably deepened our understanding of the behavior of formalized provability predicates.
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However, memorable applications of these methods to the study of concrete
formal theories were lacking for a long time. The challenge here was to find
applications to existing problems that were not a priori formulated in terms
of formalized provability.
The situation changed in the recent years. It turned out that methods
of modal logic can be useful in the study of fragments of Peano arithmetic,
where the model theoretic methods were the most successful, so far. It
was an open question what kind of computable functions could be proved
to be total in the fragment of PA where induction was restricted to Π2 formulas without parameters. Using provability logic methods [Beklemishev, 1999a] showed that these functions coincide with the primitive recursive ones. In general, provability logic analysis substantially clarified the
behavior of parameter-free induction schemata.
Later results [Beklemishev, 2004; Beklemishev, 2003b] revealed a deeper
connection between provability logic and traditional proof-theoretic questions, such as consistency proofs, ordinal analysis, and independent combinatorial principles. [Beklemishev, 2004] gives an alternative proof of the
famous theorem by G. Gentzen on the proof of consistency of PA by transfinite induction up to the ordinal ²0 . In [Beklemishev, 2003b] and in this paper we present a simple combinatorial principle, called the Worm principle,
which is derived from the provability logic analysis of PA and is independent
from PA.
At the moment this area seems to be a promising direction for future
research. The provability logic techniques used here combine several of the
above mentioned concepts such as provability algebras and polymodal logics
à la Japaridze [Japaridze, 1986; Boolos, 1993].

Logic of Proofs
The problem of formalizing BHK semantics even for propositional language
was not solved until the middle of 1990s (cf. surveys [Weinstein, 1983;
van Dalen, 1986; Artemov, 2001] and Section 11 of this article). The source
of difficulties in provability interpretation of modality lies in the implicit
nature of existential quantifier ∃. This phenomenon is sometimes called
the ∃-sickness of the first-order logic: an assumption of ∃xF (x) in a given
formal theory does not necessarily yield F (t) for some term t.
Consider, for instance, the reflection principle in PA, i.e. all formulas of
type ∃xProof(x, F ) → F . By the second Gödel incompleteness theorem,
this principle is not provable in PA, since, the consistency formula Con(PA)
coincides with a special case of the reflection principle ∃xProof(x, ⊥) → ⊥.
Formula ∃xProof(x, F ) does not yield any specific proof of F , since this x
may be a nonstandard natural number which is not a code of any actual
derivation in PA. For proofs represented by explicit terms the picture is
entirely different, e.g. the principle of explicit reflection Proof(p, F ) → F is
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provable in PA for each specific derivation p. Indeed, if Proof(p, F ) holds,
then F is evidently provable in PA, and so is formula Proof(p, F ) → F .
Otherwise, if Proof(p, F ) is false, then ¬Proof(p, F ) is true and provable,
therefore Proof(p, F ) → F is also provable.
This observation suggests a remedy for the ∃-sickness here: representing
proofs by a system of terms t in the proof formula Proof(t, F ) instead of
implicit representation of proofs by existential quantifiers in the provability formula ∃xProof(x, F ). In particular, it means a return to the original format of BHK after failed attempts to find a constructive provability
semantics for IPC directly via a simpler language of modal logic. Gödel
suggested using the format of explicit proofs for the interpretation of S4
as early as 1938, but that paper remained unpublished until 1995 ([Gödel,
1995]). In a modern terminology the format of explicit proof terms is an
instance of Gabbay’s Labelled Deductive Systems (cf. [Gabbay, 1994]).
The logic of proofs. In [Artemov and Strassen, 1992a; Artemov and
Strassen, 1992b; Artemov and Strassen, 1993] the first systems of logics of
proofs in format t : F denoting t is a proof of F were introduced. These first
logics had no operations on proofs and were too weak for representing the
modality in full.
Even before the publication of Gödel’s paper of 1938 [Gödel, 1995],
S. Artemov came up with a system of logic of proofs capturing the whole
of S4. In the fall of 1994 during his visit to the University of Amsterdam
S.A. found the logic of proofs (which later got the name LP) and proved a
theorem about realizability of S4 by proof terms of LP called proof polynomials. These results were reported at the end of 1994 in Amsterdam and
Münster. The first paper with complete proofs was issued as a technical report of the Mathematical Sciences Institute, Cornell University, [Artemov,
1995]. A follow up paper [Artemov, 2001] contained simplified proofs and a
comprehensive survey.
Since proof polynomials enjoy a natural semantics in classical proofs, this
gave a desired provability semantics to Gödel’ provability calculus S4. Combined with the above mentioned results by Gödel, MacKinsey and Tarski,
the logic of proofs LP can be viewed as a formalization of the BHK semantics for intuitionistic propositional logic IPC completing a project initiated
by Kolmogorov and Gödel. These developments resulted in the following
picture of the foundations of intuitionistic logic:
IPC ,→ S4 ,→ LP ,→ CLASSICAL PROOFS ,
where all embeddings are exact.
Models of the logic of proofs and complexity issues. The logic of
proofs LP is sound and complete with respect to the natural provability
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semantics [Artemov, 1995; Artemov, 2001]. Still, having convenient artificial models could be very important for a successful study of LP and
its applications. The first abstract models for LP (called here M -models)
were introduced in [Mkrtychev, 1997] where LP was shown to be sound and
complete with respect to M -models. Mkrtychev models proved to be a convenient tool for studying the logic of proofs. In particular, they helped to
establish in [Mkrtychev, 1997] the decidability of LP.
[Kuznets, 2000] obtained an upper bound Σp2 on the satisfiability problem
for LP-formulas in M -models. This bound was lower than known upper
bound PSpace on the satisfiability problem in S4. One of the possible
explanations, why LP wins in complexity over closely related to it S4, is
that the satisfiability test for LP is somewhat similar to the type checking,
i.e. checking the correctness of assigning types (formulas) to terms (proofs),
which is known to be relatively easy in classical cases.
M -models were further explored in [Krupski(jr.), 2003], where the minimal model of LP was constructed, which completely describes derivability
in LP of “modalized” formulas (i.e. formulas of type t : F ). This yielded a
better upper bound (NP) for the “modalized” fragment of LP. The minimal
model is also used in [Krupski(jr.), 2003] to answer a well-known question
about the disjunctive property of the logic of proofs:
LP ` s : F ∨ t : G

⇔

LP ` s : F or LP ` t : G.

[Fitting, 2003b] gave a description of the canonical model for LP as a Kripkestyle model. An interesting and unexpected application of the canonical
model was suggested in [Fitting, 2003a], where an alternative “semantical”
proof was given for the realizability theorem of S4 in LP, whereby clarifying
the role of operation “+” in this realization.
[Fitting, 2003b] gave a general definition of Kripke-style models for LP
(we call them F -models here) and established soundness and completeness
of the logic of proofs with respect to F -models. As it was noted by V. Krupski, completeness with respect to F -models can be attained on one-element
F -models, which are M -models with the so-called full explanatory property (cf. Section 12). It is reasonable to expect to find applications of F models in epistemic logics containing both proof polynomials and the usual
S4-modality, since Kripke models do not degenerate to singletons for such
logics.
A tableau system for the logic of proofs was developed in [Renne, 2004]
where completeness with respect to M -models and cut-elimination for the
whole of LP was proved, though cut-elimination in LP with empty constant
specifications was demonstrated in [Artemov, 2001].
Joint logics of proofs and provability. The problem of finding a joint
logic of proofs and provability has been a natural next step in this direction since there are important principles formulated in a mixed language
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of formal provability and explicit proofs. For example, the modal principle of negative introspection ¬2F → 2¬2F is not valid in the provability
semantics. Neither does a purely explicit version of negative introspection
¬(x : F ) → t(x) : ¬(x : F ) hold in the logic of proofs LP. However, a mixed
explicit-implicit principle ¬(t : F ) → 2¬(t : F ) is valid in the standard
provability semantics. Finding a complete axiomatization of such principles
in a joint language of GL and LP has also been important for building an
epistemic logic with justifications based on provability semantics.
The first joint system of provability and explicit proofs without operations
on proof terms, system B, was found in [Artemov, 1994]. Arithmetically
complete system BGrz of strong provability operator ¡F = F ∧ 2F and
proofs without operations was found in [Nogina, 1994; Nogina, 1996].
In [Sidon, 1997; Yavorskaya (Sidon), 2002] the first arithmetically complete system of provability and explicit proofs, LPP, containing both LP and
GL was found. Along with natural extensions of principles and operations
from LP and GL, LPP contains some additional operations. The arithmetically complete logic, LPGL, in the joint language of LP and GL was found
in [Artemov and Nogina, 2004], where it was also used for building basic
systems of logic of knowledge with justifications (cf. Applications below
and Section 13).
Logic of single-conclusion proofs. The primary use of LP is to realize
modalities by proof terms (proof polynomials) thus providing a semantics of
explicit proofs for modal logic S4 and for intuitionistic logic IPC. It turned
out that with respect to realizability semantics, modal logic corresponds to
multi-conclusion proofs, i.e. proofs each of which can prove several different
theorems (cf. Section 11). One could see easily that the set of modal
principles realizable by single-conclusion proofs (so called functional proofs),
is not compatible with any normal modal logic. For example, x : > → ¬x :
(> ∧ >) is valid for functional proofs, and its forgetful projection 2> →
¬2(> ∧ >) contradicts even the basic modal logic K.
However, the problem of finding the logic of functional proofs presented
a significant interest since many proof-like objects (e.g. typed λ-terms and
combinatory terms or references in databases) correspond to single-conclusion proofs. The first step in the development of the logic of functional
proofs was made in [Artemov and Strassen, 1992b] where the operation-free
logic of functional proofs was axiomatized. The full scale logic of functional
proofs FLP was built in ([Krupski, 1997; Krupski, 2002]) and then enhanced
by new operations in [Krupski, 2005], system FLPref .
The logic of the standard proof predicate. The logic of proofs LP axiomatizes all properties of propositions and proofs expressible in the propositional language and invariant with respect to the choice of a proof system
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([Artemov, 2000; Artemov, 2001]). For a specific proof system some additional identities may hold. For instance, the standard “textbook” proof
predicate is based on Gödel’s numbering of syntax, which is monotone.
In particular, the code of a given proof (a finite sequence of formulas) is
greater than the code of any formula in that sequence (including the codes
of theorems proven by that sequence). This property of coding prohibits
self-referential assertions of sort t : A(t) and in general yields the following
monotonicity axiom introduced in [Artemov and Strassen, 1993]:
¬(t1 : A2 (t2 ) ∧ t2 : A3 (t3 ) ∧ . . . ∧ tn : A1 (t1 )),
where ti has to occur in Ai (ti ). This axiom is valid for the standard proof
predicate7 but is not derivable in LP. It was shown in [Artemov and Strassen,
1993] that the basic logic of proofs supplied with the monotonicity axiom (system M) is complete with respect to the standard proof predicate.
In [Artemov, 1994] this result is extended to a system in a richer language
containing both M and the provability logic GL. A full axiomatization of
the propositional logic of the standard proof predicate in the language of
LP was found in [Yavorsky, 2000].
Proof polynomials for other modal logics. Systems of proof polynomials for other classical modal logics K, K4, D, D4, T were described
in [Brezhnev, 2000; Brezhnev, 2001]. The paper [Brezhnev, 2001] should
also be mentioned for its introduction of proof polynomials for Gentzenstyle proof systems. The case of S5 = S4 + (¬2F → 2¬2F ) was special
because of the presence of negative information about proofs. The paper by
Artemov, Kazakov and Shapiro [Artemov et al., 1999] introduced a possible
system of proof terms for S5, established realizability of the logic S5 by
these terms, decidability, and completeness of the resulting logic of proofs.
However, the existence of alternative natural systems of proof terms for S5
suggests that the problem of describing negative knowledge by operations
on witnesses is far from solved.
Quantified Logics of Proofs. The arithmetical provability semantics for
the logic of proofs may be naturally generalized to the first-order language
and to the language of LP with quantifiers over proofs. Both possibilities
of enhancing the expressive power of LP were investigated. In [Artemov
and Sidon-Yavorskaya, 2001], techniques originating from [Artemov, 1985b;
Vardanyan, 1986] were used to establish that the set of tautologies in the
language of the first-order logic of proofs was not recursively enumerable. It
was shown that a complete axiomatization of the first-order logic of proofs
7 This holds for the usual “call-by-value” provability semantics for LP presented in this
article. However, this does not necessarily hold for the “call-by-name” semantics from
[Artemov, 1995] (cf. also [Artemov, 2001], Comment 6.8).
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is impossible. An interesting decidable fragment of the first-order logic of
the standard proof predicate was found in [Yavorsky, 2000]. Propositional
logic with quantifiers over proofs was studied in [Yavorsky, 2002]. It was
established that the corresponding set of formulas valid under the natural
provability interpretation is not recursively enumerable, therefore propositional logic with quantifiers over proofs is not axiomatizable.
Applications. 1. We start with a discussion of a contribution to semantics of modal logic in general made by the provability logic and logic of
proofs. Initially Gödel regarded the modality 2F from a provability point
of view as
there exists a proof (witness, justification) for F
According to this interpretation, modality contains an informal built-in
existential quantifier over proofs. Existential understanding of modality
is also typical of “naive” semantics for a wide range of epistemic logics.
Nonetheless, before the logic of proofs LP was discovered, major modal
logics lacked an exact semantics of existential character. The first exact
existential semantics of modality is given by the arithmetical provability
model for system GL, which, however, does not extend to other major modal
logics. Proof polynomials and the logic of proofs provide existential semantics for S4, S5 and other systems [Artemov et al., 1999; Brezhnev, 2000;
Brezhnev, 2001].
Decades after the above mentioned works by Gödel a semantics of a
different nature was formalized for modalities, namely Kripke semantics.
Modality there is similar to a universal quantifier: 2F is read as
in all possible situations F holds.
Semantics of this sort will be called here a universal semantics. Such a reading of modality naturally appears in dynamic and temporal logics aimed at
describing computational processes, states of which usually form a (possibly
branching) Kripke structure. To some extend, Tarski’s topological semantics for S4 can be regarded as a universal semantics as well ([McKinsey and
Tarski, 1946; Rasiowa and Sikorski, 1963]).
Universal semantics has been playing a prominent role in modal logic.
However, it is not the only possible tool for approaching specific problems
involving modal languages. In particular, universal semantics alone did not
lead to a solution of the Gödel provability calculus problem because of an
existential nature of the latter.
2. As we have already discussed above, a perspective area of applications of the logic of proofs is the area of logics of knowledge. A need for a
logic of knowledge with justifications has been discussed in [van Benthem,
1991]. Such a logic along with the usual knowledge operators 2F (F is
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known) should contain assertions t : F (t is an evidence of F ), thus bringing explicit and quantitative components to the logic of knowledge. The
explicit character of judgments significantly expands the expressive power
of epistemic logics. Because of the logical omniscience effect (cf. below),
the original epistemic modality 2F should be regarded as “potential knowledge”, or “knowability” rather than actual knowledge, cf. [Fitting, 2003b;
Fitting, 2005]. An evidence operator t : F provides a justification that F
is true in all situations and hence represents a real knowledge of the agent.
[Artemov and Nogina, 2004] used the provability logic with justification
LPGL for building logics of knowledge with justifications. Provability logic
GL itself is not compatible with the epistemic logic, mainly because arithmetical provability is not reflexive. However, S4 can be modelled in GL by
using the strong provability operator. S4 is sound with respect to the strong
provability semantics, the extension S4Grz of S4 by Grzegorczyk schema
2(2(F → 2F ) → F ) → F provides a complete propositional axiomatization of strong provability [Kuznetsov and Muravitsky, 1977; Goldblatt, 1978;
Boolos, 1979b; Kuznetsov and Muravitsky, 1986]. Kripke models corresponding to S4Grz have S4-frames which do not distinguish possible worlds
mutually accessible from each other. [Artemov and Nogina, 2004] constructed basic logics of knowledge with justifications: LPS4, consisting of
S4 combined with LP and t : F → 2F , and LPS4− , which is LPS4 augmented
by the principle of negative introspection ¬(t : F ) → 2¬(t : F ).
3. The language of proof carrying formulas of the logic of proofs also
suggests an approach to the logical omniscience problem [Parikh, 1987;
Moses, 1988; Parikh, 1995; Fagin et al., 1995]). Logical omniscience means
the unrealistical assumption of epistemic logic that an intellectual agent
knows all logical consequences of her data. According to this assumption
each person who knows the rules of chess should also know whether or
not White has a winning strategy (an example from [Fagin et al., 1995]).
The logical omniscience problem is to develop a mechanism in the logic of
knowledge for distinguishing facts that are “easy to establish” from those
which are “hard to establish.” The size of a proof polynomial (possibly in
a richer basis tailored to specifics of the problem) gives information about
the amount of work needed to establish the given fact.
4. Another promising area of applications for the logic of proofs is the area
of typed theories and programming languages. The usual typed λ-calculus
and the typed combinatory logic equivalent to it served as a theoretical
prototype for a certain class of programming languages (cf. a survey [Constable, 1998]). The logic of proofs along with the reflexive λ-calculus and
the reflexive combinatory logic based on it (cf. [Alt and Artemov, 2001;
Artemov, 2004] and Chapter 15) have more expressive power, including a
richer system of types and self-referential methods of constructing and using
them. It is natural to expect these new capabilities to find their applications
in programming languages like did previous major theoretical developments
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in λ-calculi.
5. Yet another area of applications of methods raising from the logic of
proofs is reflection in artificial intelligence, automated deduction and verification. Reflection is a general term describing an ability of a formal deduction system to formalize its own meta-reasoning. This normally includes
internal representation of formulas, axioms, rules and derivations, semantics, etc., and ability to represent properties of those objects by formulas of
the system. The problem of building reflection in automated deduction has
been discussed, e.g. in [Allen et al., 1990; Constable, 1994; Constable, 1998;
Harrison, 1995]. The explicit representation of proofs by proof polynomials
rather than their implicit specification by quantifiers offers a new promising approach to building reflection. In particular, since explicit reflection is
internally provable, this new approach allows us to avoid undesirable “reflection towers” of extensions of a theory of an increasing metamathematical
strength [Artemov, 1999], which are unavoidable in the traditional theory
of verification [Davis and Schwartz, 1979]. According to [McCarthy, 2004],
self-awareness is the principle advantage of human intelligence over artificial
intelligence. Logical reflection apparatus and the logic of proofs in particular could contribute to building self-aware artificial intelligence systems. In
programming languages reflection can be used to naturally formalize Run
Time Code Generating, RTCD. About logic analysis of RTCD cf. [Wickline
et al., 1998].
6. Among applications one should mention a joint paper [Artemov and
Krupski, 1996] introducing a logical system for the description and the design of reference databases based on the logic of proofs. This line of research
has been further pursued in [Krupski, 2005].
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Part I, Logic of Provability
2

GÖDEL–LÖB PROVABILITY LOGIC: THE MODAL LOGICAL
TRADITION

When formulating a new (modal) logic a number of standard questions
immediately present themselves. For example, one would want to know
how the logic behaves w.r.t. the following properties:
(i) Adequate semantics (completeness, finite model property);
(ii) Decidability, complexity;
(iii) Gentzen-style formulation, cut-elimination, subformula property;
(iv) Craig interpolation, Beth definability;
(v) Normal forms of (some classes of) formulas.
Now that so many systems of nonclassical and modal logic have been
studied, such questions have become commonplace and are perhaps lacking
certain amount of appeal. Rather, one is more interested in the other, more
specific, features of the logics in question. However, the answers to these
traditional questions help us to understand the system we are dealing with
and provide some useful standard techniques. For the case of basic Gödel–
Löb provability logic GL the answers to these standard questions constitute
early work in this area. Most of them are discussed at length in the article by
C. Smoryński in this Handbook [Smoryński, 2004]. We quickly recapitulate
them in this section, mostly to fix the terminology.

2.1 Hilbert-style (Frege) proof system
The language of GL has propositional variables p0 , p1 , . . . ; boolean connectives →, ⊥, >, and unary modality 2. A Hilbert-style proof system for GL
is given by the following axiom schemes and rules of inference.
Axiom schemes:
1. Boolean tautologies
2. 2(ϕ → ψ) → (2ϕ → 2ψ) (normality)
3. 2(2ϕ → ϕ) → 2ϕ (Löb’s axiom)
Rules of inference: ϕ, ϕ → ψ/ψ (modus ponens); ϕ/2ϕ (necessitation).
It is well-known that GL proves the transitivity axiom 2ϕ → 22ϕ and
therefore extends the system K4 (see [Smoryński, 1985]). On the other
hand, GL is incompatible with the reflexivity axiom 2ϕ → ϕ and therefore
with the system S4.
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2.2 Kripke models
A Kripke model for GL (or simply a model ) is a triple K := (K, ≺, °), where
• ≺ is a converse well-founded strict partial ordering on K. The poset
(K, ≺) is called the frame of K. Elements of K are called nodes. We
assume, unless explicitly mentioned otherwise, that every model has
the minimal node, which is called the root of K.
• ° is a forcing relation on K, that is, a binary relation between the
nodes of K and modal formulas, which satisfies the following conditions for any x ∈ K and any formulas ϕ, ψ:
1. x 1 ⊥, x ° >;
2. x ° ϕ → ψ ⇐⇒ (x 1 ϕ or x ° ψ);
3. x ° 2ϕ ⇐⇒ ∀y ∈ K(x ≺ y ⇒ y ° ϕ).
By Conditions 1–3 the forcing relation on K is uniquely determined by its
restriction to propositional variables. We say that a formula ϕ holds or is
valid in a model K (denoted K ° ϕ) if it is forced at the root of K. K, x ° ϕ
means x ° ϕ in K. K ² ϕ means x ° ϕ, for all x ∈ K.
A model K is treelike, if so is the ordering (K, ≺), that is, if a, b ≺ c
implies a ≺ b or b ≺ a or a = b.

2.3 Gentzen-style proof system
We consider sequents of the form Γ ⇒ ∆, where Γ and ∆ are finite sets
of formulas. (Thus, contraction
and permutation rules are built in the
W
definition of a sequent.)
Γ means
the formula ϕ1 ∨ · · · ∨ ϕn , if Γ =
V
{ϕ1 , . . . , ϕn }, and ⊥, if Γ = ∅.
Γ is defined dually. 2Γ is the set {2ϕ :
ϕ ∈ Γ}. As usual, we also write Γ, ϕ for Γ ∪ {ϕ} and ⇒ ϕ for ∅ ⇒ ϕ.
A Gentzen-style proof system GLG is given by the following axioms and
rules of inference.
Axioms:

⊥ ⇒;

⇒ >;

p ⇒ p,

for any variable p;

Rules of inference:
Γ, ψ ⇒ ∆ Γ ⇒ ∆, ϕ
(→ l)
Γ, ϕ → ψ ⇒ ∆
Γ⇒∆
(weak)
Γ, Σ ⇒ ∆, Π

Γ, ϕ ⇒ ψ, ∆
(→ r)
Γ ⇒ ∆, ϕ → ψ
2Γ, Γ, 2ϕ ⇒ ϕ
(Löb)
2Γ ⇒ 2ϕ

As usual, the weakening rule (weak) can be eliminated at the cost of
adding side formulas Σ, Π to all the axioms and the conclusion of the rule
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(Löb). First, we observe the obvious subformula property of the Gentzenstyle proof system.
PROPOSITION 1. Any formula occurring in a GLG -derivation of a sequent
Γ ⇒ ∆ is a subformula of a formula from Γ ∪ ∆.
Theorem 2 below implies that the rule of cut
Γ, ϕ ⇒ ∆ Γ ⇒ ϕ, ∆
(cut)
Γ⇒∆
is admissible in the system GLG .

2.4

Joint completeness and cut-elimination theorem

K. Segerberg [Segerberg, 1971] gave the first Kripke completeness proof for
GL. A correct Gentzen-style cut-free system for GL has been suggested
in [Leivant, 1981], but his (syntactic) proof of cut-elimination contained
a gap. Later a correct syntactic proof has been found in [Sambin and
Valentini, 1982; Sambin and Valentini, 1983]. Below we present a different
(semantic) proof following [Avron, 1984]. A corresponding system of natural
deduction for GL was given in [Bellin, 1985].
THEOREM 2. For any formula ϕ the following statements are equivalent:
(i) GL ` ϕ;
(ii) K ° ϕ, for all models K;
(iii) K ° ϕ, for all finite treelike models K;
(iv) GLG ` ⇒ ϕ;
(v) GLG + (cut) ` ⇒ ϕ.
Proof. The implication (i)⇒(ii) is the soundness of GL w.r.t. converse wellfounded Kripke models cf. [Smoryński, 2004; Smoryński, 1985]. The implications (ii)⇒(iii) and (iv)⇒(v) are obvious.
The implication (v)⇒(i) is the adequacy of the Gentzen-style formulation
of GL. We have to show that all inference rules of GLG are admissible in
GL
V under
W the standard translation of sequents Γ ⇒ ∆ as the formulas
Γ → ∆. This is easy for the propositional rules and the cut-rule (the
latter corresponds, in a sense, to modus ponens). We derive (Löb) by the
following reasoning in GL:
V
V
1. Γ ∧ 2Γ ∧ 2ϕ → ϕ (assumption)
V
V
2. Γ ∧ 2Γ → (2ϕ → ϕ)
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V
V
3. 2( Γ ∧ 2Γ) → 2(2ϕ → ϕ) (by normality from 2)
V
V
4. 2( Γ ∧ 2Γ) → 2ϕ (by Löb’s axiom from 3)
V
V
V
2Γ → 2( Γ ∧ 2Γ) (a theorem of K4)
5.
V
6.
2Γ → 2ϕ (from 4,5)
The central part of the proof of the theorem is (iii)⇒(iv); here is a sketch.
Assume a sequent Γ ⇒ ∆ is not provable in GLG . Then it can be extended
to an unprovable saturated sequent, that is, a sequent Γ1 ⇒ ∆1 satisfying:
(i) (ϕ → ψ) ∈ Γ1 implies ϕ ∈ ∆1 or ψ ∈ Γ1 ;
(ii) (ϕ → ψ) ∈ ∆1 implies ϕ ∈ Γ1 and ψ ∈ ∆1 ;
(iii) Γ ⊆ Γ1 , ∆ ⊆ ∆1 and any formula in Γ1 ∪ ∆1 is a subformula of a
formula from Γ ∪ ∆;
(iv) GLG 0 Γ1 ⇒ ∆1 .
Consider the (finite) set of all such unprovable saturated sequents. Supply
it with a partial ordering ≺ as follows: (Σ1 ⇒ Π1 ) ≺ (Σ2 ⇒ Π2 ) iff
(i) 2ϕ ∈ Σ1 implies ϕ, 2ϕ ∈ Σ2 ;
(ii) There is a 2ϕ ∈ Σ2 such that 2ϕ 6∈ Σ1 .
Let (K, ≺) be the restriction of this ordering to the set of all sequents above
Γ1 ⇒ ∆1 . Define an assignment of propositional variables p on K by setting
(Σ ⇒ Π) ° p ⇐⇒ p ∈ Σ.
This gives us a Kripke model K = (K, ≺, °) with the root Γ1 ⇒ ∆1 . Now it
is a matter of routine checking, for any sequent (Σ ⇒ Π) ∈ K and formula
ϕ ∈ Σ ∪ Π, that
(i) ϕ ∈ Σ implies (Σ ⇒ Π) ° ϕ;
(ii) ϕ ∈ Π implies (Σ ⇒ Π) 1 ϕ.
V
W
Therefore, we conclude: (Γ1 ⇒ ∆1 ) 1 Γ → ∆.
Notice that (K, ≺) is a finite strict partial ordering, which may not yet be
treelike. However, K can be transformed into an equivalent treelike model
by the standard unravelling procedure (see [Bull and Segerberg, 2001]). ¥
COROLLARY 3. GLG is closed under the cut-rule.
COROLLARY 4. GL is decidable and enjoys the finite model property.
We also mention without proof that by a result of A.V. Chagrov [Chagrov,
1985] the set of theorems of GL is PSpace-complete. See [Chagrov et al.,
2001; Švejdar, 2003] for more details.
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Interpolation and definability

As an expected corollary of cut-elimination we obtain the Craig interpolation theorem for GL.
THEOREM 5 (Craig interpolation). If GL ` ϕ → ψ, then there is a θ such
that Var(θ) ⊆ Var(ϕ) ∩ Var(ψ) and
GL ` ϕ → θ and GL ` θ → ψ.
Proof. Using the so-called Schütte–Maehara method we prove the following
statement by induction on the depth of the GLG -derivation: If
GLG ` Γ1 , Γ2 ⇒ ∆1 , ∆2 ,
then there is a formula θ such that Var(θ) ⊆ Var(Γ1 ∪ ∆1 ) ∩ Var(Γ2 ∪ ∆2 )
and
GLG ` Γ1 ⇒ ∆1 , θ and GLG ` θ, Γ2 ⇒ ∆2 .
For the axioms and each of the rules the construction of θ is straightforward.
Now put Γ1 = {ϕ}, ∆2 = {ψ}, Γ2 = ∆1 = ∅.
¥
This theorem has been proved independently by C. Smoryński [Smoryński,
1978] and G. Boolos [Boolos, 1979b] by semantical arguments. The reader
can find this proof in [Chagrov et al., 2001]. As a standard corollary we
obtain
COROLLARY 6 (Beth definability). Assume GL ` ϕ(p) ∧ ϕ(q) → (p ↔ q),
where q does not occur in ϕ(p) and the formula ϕ(q) is obtained from ϕ(p)
by replacing all occurrences of p by q. Then there is a formula ψ such that
Var(ψ) ⊆ Var(ϕ(p)) \ {p} and GL ` ϕ(p) → (p ↔ ψ).
Proof. We are given a formula ϕ satisfying GL ` ϕ(p) ∧ p → (ϕ(q) → q).
Let ψ be an interpolant for this formula.
¥
An interesting corollary of this general result is the Fixed Point Theorem
for GL, which was thoroughly discussed in [Smoryński, 2004]. We sketch a
short alternative proof due to C. Smoryński.
THEOREM 7 (Fixed points). Let ϕ(p) be a formula in which p only occurs
within the scope of a 2. Then there is a formula ψ such that Var(ψ) ⊆
Var(ϕ) \ {p} and
GL ` ¡(p ↔ ϕ(p)) ↔ ¡(p ↔ ψ).
Here ¡θ is an abbreviation for θ ∧ 2θ. The reader is invited to convince him/herself that this formulation implies both the existence and the
uniqueness of fixed points, as stated in [Smoryński, 2004].
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Proof. Let ϕ(p) be given. First we obtain the following lemma [Bernardi,
1976]:
GL ` ¡(p ↔ ϕ(p)) ∧ ¡(q ↔ ϕ(q)) → (p ↔ q),
where q is a fresh variable not contained in ϕ(p). For a proof of this lemma
see [Smoryński, 2004] or a simple Kripke-model argument in [Boolos, 1993].
Then apply Beth’s definability theorem to the formula ¡(p ↔ ϕ(p)).
¥
The Craig interpolation theorem has various extensions and strengthenings. The most well-known ones are the so-called Lindon interpolation and
the uniform interpolation. Whether the Lindon interpolation holds for GL
still seems to be an open question.
THEOREM 8 (Uniform interpolation). Let a formula ϕ and a subset S ⊆
Var(ϕ) be given. Then there is a formula θ such that GL ` ϕ → θ, Var(θ) ⊆
S and for every formula ψ such that Var(ψ) ∩ Var(ϕ) ⊆ S and GL ` ϕ → ψ,
we have GL ` θ → ψ.
This theorem was discovered by V. Shavrukov [Shavrukov, 1993b] independently from (and essentially simultaneously with) a similar result by A.
Pitts [Pitts, 1992] on intuitionistic propositional logic. Shavrukov’s proof
was semantical rather than syntactical and relied upon the techniques of
characters. Later A. Visser [Visser, 1996], building on the work [Ghilardi
and Zawadowski, 1995], gave a more transparent semantical proof. No syntactical proof of this theorem for GL is known.

2.6 Admissible rules
A propositional inference rule
ϕ1 , . . . , ϕn
(R)
ψ
is admissible in a logic L, if whenever L ` σ(ϕi ), for i = 1, . . . , n, there
holds L ` σ(ψ), where σ is any substitution of formulas for propositional
variables. Typical examples of admissible rules in GL are
2p 2q
(R1 )
2(p ∧ q)

and

2p
(R2 ).
p

Admissible rules must not be confused with the derivable rules in a concrete proof system P for L. A rule R as above is called derivable in P, if
there is a derivation in P of the formula ψ from the assumptions ϕ1 , . . . , ϕn .
This notion depends not just on the set of theorems of L, but also on the
choice of specific basic inference rules. Typically, all the basic rules of P,
and hence all the derivable rules, are admissible. The converse need not be
the case, and is not the case for GL.
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For the standard Hilbert-style proof system for GL given in Section 2.1,
which we temporarily denote GLH , the derivable rules can be easily characterized by means of the following version of Deduction theorem (see
[Smoryński, 2004] or [Boolos, 1993]).
PROPOSITION 9 (Deduction theorem). A rule (R) is derivable in GLH iff
GL ` ¡ϕ1 ∧ · · · ∧ ¡ϕn → ψ.
Thus, we see that the rule (R1 ) is derivable and admissible, whereas
the rule (R2 ) is admissible but not derivable. (If it were, GL would prove
¡2p → p and hence 2p → p, which is not the case.) The reader can also
easily check that, in contrast with (R2 ), Löb’s rule
2p → p
p
is derivable in GLH .
V. Rybakov [Rybakov, 1989] obtained the following important results.
THEOREM 10 (Rybakov). The property of a rule being admissible in GL
is decidable.
THEOREM 11 (Rybakov). The admissible rules in GL do not have a finite
basis, that is, they cannot be described as derivable rules in a proof system
given by finitely many axiom schemes and inference rules.
Similar results hold for the propositional intuitionistic logic and many
other modal logics. See [Chagrov et al., 2001] for more details on the topic
of admissibility of rules and a sketch of a proof of Rybakov’s theorem. See
also [Rybakov, 1997] for an in-depth monograph on admissible rules.
An alternative proof of Rybakov’s theorem was obtained by methods of
S. Ghilardi [Ghilardi, 1999]. Ghilardi’s techniques proved to be especially
useful in the study of intuitionistic provability logic (see [Ghilardi, 1999;
Iemhoff, 2001b; Iemhoff, 2001c] and Section 9).

2.7 Letterless formulas and traces
A modal formula is letterless, if it contains no propositional variables and
is thus built up from >, ⊥ using → and 2. Letterless formulas have nice
normal forms in GL. This fact was discovered by G. Boolos [Boolos, 1976]
and independently by J. van Benthem, C. Bernardi and F. Montagna. We
obtain these normal forms using the techniques of traces of modal formulas
developed in [Artemov, 1980].
Let K be a (possibly infinite) model. The depth function on K is a mapping d from K to the ordinals uniquely defined by the following condition:
∀x ∈ K d(x) = sup{d(y) + 1 | x ≺ y},
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where we assume sup ∅ = 0. Recall that all models are converse wellfounded, so d is a well-defined function. The height h(K) of K is the depth
of its root.
Let ϕ be a (not necessarily letterless) formula. Trace tr(ϕ) of ϕ is the set
of all numbers n ∈ ω such that there is a (finite) model K of height n such
that K 1 ϕ. Clearly, theorems of GL and only them leave no trace.
We define: Fn = (2n+1 ⊥ → 2n ⊥). It is easy to see that tr(Fn ) = {n}.
LEMMA 12. For any formula ϕ, tr(ϕ) is either a finite or a cofinite subset
of ω.
Proof. Assume tr(ϕ) is infinite and let 2ϕ1 , . . . , 2ϕm enumerate all subformulas of ϕ of the form 2ψ. There is a model K such that K 1 ϕ
and h(K) > m. By Lemma 26 below there is a node r ∈ K such that
r ° 2ϕi → ϕi for each i. Using this property we can ‘insert’ in our model a
linear chain of elements at the node r without changing the forcing at the
nodes of K. Formally, for each n a new model Kn is defined such that Kn
is the disjoint union of K and the set {0, . . . , n}. The ordering ≺n on Kn
is the transitive closure of the orderings ≺ on K, < on {0, . . . , n}, and the
following relations:
(i) x ≺n y, for all y ≤ n and x ≺ r;
(ii) y ≺n x, for all y ≤ n and r ¹ x.
The forcing relation for propositional variables on {0, . . . , n} coincides with
that at r and is the same as in K everywhere else. It is then not difficult
to show that this property extends from atomic to all subformulas of ϕ and
hence Kn 1 ϕ. This holds for any n, so tr(ϕ) is cofinite.
¥
LEMMA 13. If F and ϕ are modal formulas such that tr(ϕ) ⊆ tr(F ) and
F is letterless, then GL ` F → ϕ.
Proof. Consider the structure N = (ω, >) as a converse well-founded (rootless, infinite) Kripke frame. The depth function d maps any finite model K
to N . Moreover, for any x ∈ K and any letterless formula ψ we have
K, x ° ψ ⇐⇒ N , d(x) ° ψ,
as can be easily seen by induction on ψ. Hence, n ∈ tr(ψ) iff N , n 1 ψ for
letterless ψ.
Assuming GL 0 F → ϕ take any finite model K such that K ° F and
K 1 ϕ and let n = h(K). Obviously n ∈ tr(ϕ), but we have N , n ° F by
the previous observation. Hence, n 6∈ tr(F ), contradicting our assumption.
¥
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As a corollary we obtain that any letterless formula is determined by its
trace up to provable equivalence:
COROLLARY 14. Let ϕ, ψ be letterless. Then
tr(ϕ) = tr(ψ) ⇐⇒ GL ` ϕ ↔ ψ.
The following corollary provides normal forms for letterless formulas.
THEOREM 15 (Normal forms). Let ϕ be a letterless formula and S =
tr(ϕ).
V
(i) If S is finite, then GL ` ϕ ↔ n∈S Fn ;
W
(ii) If S is cofinite, then GL ` ϕ ↔ n6∈S ¬Fn .
V
Proof. By the previous
W corollary we must only notice that tr( n∈S Fn ) = S,
if S is finite, and tr( n6∈S ¬Fn ) = S, if S is cofinite.
¥
We also remark that by the proof of Lemma 12 one can effectively determine whether tr(ϕ) is finite or cofinite, as well as find an upper bound to
the elements in tr(ϕ) (respectively, ω \ tr(ϕ)). Testing n ∈ tr(ϕ) is effective
because, by Lemma 13,
n ∈ tr(ϕ) ⇐⇒ GL 0 ϕ → Fn .
This means that the trace of a formula ϕ, together with the normal form of
ϕ if ϕ is letterless, can be determined effectively.
3

THE INTENDED PROVABILITY SEMANTICS

R. Solovay originally formulated his completeness theorems for Peano arithmetic PA. It was immediately clear that his results applied to a wider range
of theories. Applications of provability logic also required working with different systems some of which are much weaker and some much stronger than
Peano arithmetic. Therefore, we will have to extend the approach taken in
[Smoryński, 2004]. It will be important for us not to fix one particular
theory but rather keep the possibility of different interpretations of 2 open.
We shall deal with formal theories T “sufficiently strong to be able to
reason about themselves.” This is usually achieved by specifying a Gödel
numbering, that is, an assignment of a numerical code pτ q to every syntactic object τ in the language of T — variable, term, formula, proof, etc.
(We shall freely identify these codes with numerals, that is, the terms representing numbers in T .) Then, if T knows enough about numbers and has
the power of coding and decoding, T will be able to reason about its own
syntax. Thus, one usually restricts the attention to theories T containing

PROVABILITY LOGIC

25

(a sufficiently strong fragment of) Peano arithmetic. The standard choice
of such a fragment is primitive recursive arithmetic PRA. Its formulation
can be obtained from that of PA in [Smoryński, 2004] by restricting the
induction schema to quantifier-free formulas. A somewhat more economical choice is elementary arithmetic EA, which is also the weakest theory to
date for which Solovay’s theorems have been verified8 . There are, however,
yet weaker theories for which an adequate formalization of syntax has been
developed. The most important among them is Buss’ feasible arithmetic S12
(see [Buss, 1986]). It is open, if Solovay’s theorems hold for S12 . Therefore,
we choose EA as our basic system. Readers who feel insecure about reasoning in weak arithmetics may freely read PA instead of EA for most of this
chapter.

3.1 Elementary arithmetic
The language of arithmetic is a first order language containing binary predicate symbols = and ≤; binary function symbols + and ·; unary function
symbols S and exp; and a constant 0. The standard model of arithmetic
is a model with the universe N = {0, 1, 2, . . . } such that all the symbols
have their usual interpretation: = is the equality relation; ≤ is the ordering
relation; + and · are the addition and multiplication operations; S is the
successor function S(x) = x + 1; exp is the base 2 exponentiation function
exp(x) = 2x .
Formulas in the above language are called arithmetical. The expressions
∀x ≤ t ϕ(x) and ∃x ≤ t ϕ(x) abbreviate the formulas ∀x (x ≤ t → ϕ(x))
and ∃x (x ≤ t ∧ ϕ(x)), respectively, where t is any term (not containing the
variable x). Occurrences of quantifiers of this kind are called bounded, and
∆0 or elementary formulas are those, all of whose quantifiers are bounded.
Notice that, by definition, quantifier-free formulas are elementary.
Obviously, predicates definable by ∆0 -formulas in N are decidable. A
rough estimate of the complexity of the evaluation procedure shows that
such predicates are decidable in multi-exponential number of steps. The
converse is also true (see [Cutland, 1980; Rose, 1984]).
Arithmetical formulas are classified according to their logical complexity
into the arithmetical hierarchy. For n ≥ 0 the classes of Σn - and Πn -formulas
are inductively defined as follows. Σ0 - and Π0 -formulas are elementary
formulas. Σn+1 -formulas are those of the form ∃x1 . . . ∃xm A(x1 , . . . , xm ),
where A is a Πn -formula. Πn+1 -formulas are ∀x1 . . . ∀xm A(x1 , . . . , xm ),
where A is a Σn -formula.
From the prenex normal form theorem we know that every arithmetical
formula is logically equivalent to a Σn -formula, for some n. By extension
8 In various modifications this theory is also known under the names EFA (H. Friedman), ERA (W. Sieg), I∆0 + exp (A. Wilkie, J. Paris), I∆exp
0 (exp) (P. Hájek and P.
Pudlák).
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of terminology, we shall often call Σn any formula logically equivalent to a
Σn -formula in the sense of our official definition. Modulo logical equivalence:
1. The classes Σn and Πn are closed under ∨, ∧.
2. A ∈ Σn ⇐⇒ ¬A ∈ Πn , and dually.
3. The class Πn is closed under the universal quantification,
the class Σn is closed under the existential quantification.
From the computational point of view, the most interesting class of formulas is Σ1 . It follows from the work of Gödel and Kleene that a relation
on N is definable by a Σ1 -formula iff it is recursively enumerable (r.e.).
Elementary Arithmetic EA is a first order theory with equality formulated
in the arithmetical language and having the following mathematical axioms:
P1. ¬S(a) = 0
P2. S(a) = S(b) → a = b
P3. a + 0 = a
P4. a + S(b) = S(a + b)
P5. a · 0 = 0
P6. a · S(b) = a · b + a
P7. exp(0) = S(0)
P8. exp(S(a)) = exp(a) + exp(a)
P9. a ≤ 0 ↔ a = 0
P10. a ≤ S(b) ↔ (a ≤ b ∨ a = S(b))
and the induction axiom schema for bounded formulas ϕ(x, ~a):
(Ind)

ϕ(0, ~a) ∧ ∀x (ϕ(x, ~a) → ϕ(S(x), ~a)) → ∀xϕ(x, ~a).

Peano arithmetic PA can be axiomatized over P1–P10 by the induction
schema for arbitrary formulas ϕ(x, ~a). One also often considers intermediate
fragments of arithmetic. The restriction of the induction schema to Σn formulas ϕ(x, ~a) over P1–P10 is denoted IΣn . See Section 10.1 for a more
detailed picture of the fragments of PA.
In many respects EA is as good as PA. For example, the usual coding
machinery works in EA, and EA is capable to adequately formalize syntax.
On the other hand, one can show that, unlike Peano arithmetic, EA is a
finitely axiomatizable theory. Moreover, the arithmetical complexity of all
axioms of EA is Π1 : all occurrences of universal quantifiers in the induction
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axioms, except for the outer ones, can be bounded. This property puts
severe constraints on the strength of EA. E.g., by a version of a theorem
of [Parikh, 1971], EA cannot prove the totality of any computable function
that grows faster than exp(n) (x), for a fixed n (see also [Hájek and Pudlák,
1993]).
The situation is best explained in terms of the notion of provably total
computable function introduced in Section 10.2. The provably total computable functions of EA are precisely those definable from the basic functions
and predicates of our language and projection functions by composition and
bounded recursion. Another name for this class of functions is Kalmar elementary functions (see [Rose, 1984]). These functions can be conservatively introduced as new function symbols into the language of EA, which
parallels the usual process of defining primitive recursive functions in PA.
Such a definitional extension respects the arithmetical hierarchy, that is,
bounded formulas in the extended language can be equivalently translated
into bounded formulas in the original language of EA. Thus, the classes Σn
and Πn for n ≥ 0 are also preserved.

3.2 Formalizing syntax
By a theory we shall mean a first order theory with equality formulated in
the language of EA and containing the axioms of EA. A theory T is sound
if all theorems of T are true (hold in the standard model N). T is Σn -sound
if all its theorems of logical complexity Σn are true.
Most important for us is the formalization of the notions of proof and
provability. Following Gödel and Feferman [Feferman, 1960] this is done in
two stages. First, a theory is called elementary presented, if a ∆0 -formula
AxT (x) is specified that is true if and only if x codes a (non-logical) axiom of
T . All the usual theories such as EA or PA are elementary presented; moreover, by the so-called Craig’s trick one can show that any r.e. theory has
an equivalent elementary presentation (see [Feferman, 1960]). From AxT (x)
one constructs in a standard way a ∆0 proof predicate Prf T (y, x) expressing “y codes a T -proof of the formula coded by x.” The corresponding
provability predicate and consistency assertion are then defined by
ProvT (x) := ∃y Prf T (y, x) and Con(T ) := ¬ProvT (p⊥q).
The formula ProvT (x) satisfies the three derivability conditions of Bernays
and Löb [Hilbert and Bernays, 1968; Löb, 1955]:
L1. T ` ϕ ⇐⇒ EA ` ProvT (pϕq)
L2. EA ` ProvT (pϕ → ψq) → (ProvT (pϕq) → ProvT (pψq))
L3. EA ` ProvT (pϕq) → ProvT (pProvT (pϕq)q)
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Property L3 is a corollary of a more general fact known as provable Σ1 completeness:
PROPOSITION 16.
(i) For any Σ1 -sentence σ, EA ` σ → ProvT (pσq).
(ii) For any Σ1 -formula σ(x1 , . . . , xn ) with all the free variables shown,
EA ` σ(x1 , . . . , xn ) → ProvT (pσ(ẋ1 , . . . , ẋn )q).
Here pσ(ẋ1 , . . . , ẋk )q denotes a (Kalmar elementary) definable term for the
function that, given a tuple n1 , . . . , nk , outputs the code pσ(n̄1 , . . . , n̄k )q of
the result of substitution of the numerals n̄1 ,. . . ,n̄k for variables x1 , . . . , xk
in σ.
We will also refer to the following formalized version of the Deduction
theorem [Feferman, 1960].
PROPOSITION 17. For any sentences ϕ and ψ,
EA ` ProvT +ϕ (pψq) ↔ ProvT (pϕ → ψq).

Here we assume that T + ϕ is elementary presented by the formula
AxT +ϕ (x) := AxT (x) ∨ x = pϕq. Formalized Deduction theorem can also
be formulated and proved with ϕ and ψ being free variables ranging over
sentences.
As a corollary of the derivability conditions one obtains the important
Löb theorem [Löb, 1955].
THEOREM 18. T ` ProvT (pϕq) → ϕ ⇐⇒ T ` ϕ.
In view of the formalized Deduction theorem, this statement can be
viewed as a version of Gödel’s second incompleteness theorem for the theory
T + ¬ϕ. Vice versa, Gödel’s theorem can be obtained from Löb’s theorem
by setting ϕ = ⊥. It does not hurt to repeat the most celebrated theorem
in mathematical logic, so here it comes.
THEOREM 19 (Gödel). Let T be an elementary presented theory containing EA.
(i) If T is consistent, then T 0 Con(T ).
(ii) If T is Σ1 -sound, then also T 0 ¬Con(T ).
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3.3 Arithmetical interpretation and its soundness
A mapping from the set of propositional letters to the set of arithmetical
sentences is called an (arithmetical) realization. Let T be an elementary
presented theory. A T -interpretation fT (ϕ) of a modal formula ϕ under a
realization f is defined inductively as follows:
1. fT (⊥) = ⊥; fT (>) = >;
2. fT (p) = f (p), for any propositional letter p;
3. fT (θ → ψ) = fT (θ) → fT (ψ),
4. fT (2ψ) = ProvT (pfT (ψ)q).
The set of formulas {fT (ϕ) : f a realization} will be denoted ϕT . We
write U ` ϕT if U proves every formula from the set ϕT . If ϕ is letterless,
ϕT consists of a single formula that will also be denoted ϕT . Similarly, for
any set X of modal formulas, X T will denote the set of all T -interpretations
of formulas from X.
The three derivability conditions together with Löb’s theorem essentially
mean that GL is sound with respect to the arithmetical interpretation.
PROPOSITION 20. If GL ` ϕ, then EA ` ϕT .
A fundamental theorem of R. Solovay tells us that GL is also complete
with respect to the arithmetical interpretation, that is, the converse implication also holds, provided theory T is Σ1 -sound. (In fact, the Solovay
theorem holds under some yet weaker assumptions on soundness that will
be introduced later.)
Before stating this theorem we would like to discuss some applications
of provability logic in arithmetic that only rely on its soundness part. The
soundness of GL expressed by Proposition 20 does not seem to be a very
deep result. How can it be useful at all?
Modal logic provides a convenient language which, together with Kripke
semantics, allows to efficiently calculate with certain kinds of arithmetical
statements. This could in some sense be compared with what mathematicians do by applying a few simple rules — but sometimes in a very ingenious way — to symbolically compute, say, integrals. Our ‘numbers’ here
are arithmetical sentences, and Löb’s theorem is an ‘equation’ that yields
sometimes remarkable unexpected consequences. We do not pursue this line
too far right now, but give a few basic examples concerning reflection principles. Deeper applications and further uses of such results will be discussed
in Section 10.
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4

A MODAL VIEW OF REFLECTION PRINCIPLES

First we introduce a useful notion of characteristic of a theory. In some
sense, this characteristic measures how close the theory is to being inconsistent. In the literature several other names have been used for it, including
rank, credibility extent, and height of a theory. We stick to the present terminology because from the algebraic point of view this notion is a direct
analog of the notion of characteristic of a field. The connection will be
explained in Section 7.

4.1

Iterated consistency and characteristic

Let T be an elementary presented theory. Extensions of T by iterated consistency assertions are defined as follows.
T0 = T,

Tn+1 = Tn + Con(Tn ),

Tω =

S
n≥0

Tn .

Notice that all these theories are naturally elementary presented, too.
LEMMA 21. EA ` Con(Tn ) ↔ (¬2n+1 ⊥)T .
Proof. By induction on n using Löb’s derivability conditions and formalization of Deduction theorem.
¥
Con(Tn ) is called n times iterated consistency assertion for T . Whenever
the initial theory T is Σ1 -sound, the theories Tn form a strictly increasing
sequence of Σ1 -sound extensions of T . However, if T is not Σ1 -sound, then it
is possible that Tω is inconsistent. The characteristic ch(T ) of T is the least
n ∈ ω such that Tn is inconsistent, if such an n exists, and ∞, otherwise.
All Σ1 -sound theories have infinite characteristic. It is not difficult to see
that the theory T + (2n ⊥)T has characteristic n + 1, if T has characteristic
∞. Inconsistent theories and only them have characteristic 0.

4.2

Local and uniform reflection

Some early applications of provability logic in arithmetic concerned the
study of reflection principles. Reflection principles were introduced in the
30’s as unprovable statements generalizing Gödel’s consistency assertions
[Rosser, 1936; Turing, 1939]. They have later been used in proof theory for
estimating the complexity of axiomatizations of formal theories [Feferman,
1960; Feferman, 1962; Kreisel and Lévy, 1968] and for obtaining conservation results and other kinds of proof-theoretic information [Schmerl, 1979;
Beklemishev, 1998b; Beklemishev, 2003a]. Mostly the uniform reflection
principles have been used. Provability logic was instrumental in deepening
our understanding and finding applications of the local reflection principles.
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The local reflection principle for T is the schema
Rfn(T ) :

ProvT (pϕq) → ϕ,

for all arithmetical sentences ϕ. The uniform reflection principle is the
schema
RFN(T ) :

∀x1 . . . ∀xn (ProvT (pϕ(ẋ1 , . . . , ẋn )q) → ϕ(x1 , . . . , xn )),

for all formulas ϕ(x1 , . . . , xn ). Both schemata represent different ways of
expressing the soundness of T . One cannot formulate the soundness of T
as a single arithmetical formula because there is no definition of truth for
the whole arithmetical language in the language itself. Σn -soundness of
T is expressed by restricting of these principles to formulas ϕ of complexity Σn . These restricted schemata are denoted RfnΣn (T ) and RFNΣn (T ),
respectively. The corresponding schemata for the classes Πn are similarly
defined.
LEMMA 22. Over EA,
(i) RFNΠ1 (T ) ≡ Con(T );
(ii) RFNΠn+1 (T ) ≡ RFNΣn (T ), if n ≥ 1.
Proof. The inclusions from right to left in each case are clear. For the
opposite inclusions reason in EA.
(i) Let ϕ(x) ∈ Π1 . If ProvT (pϕ(ẋ)q) and ¬ϕ(x), then ProvT (p¬ϕ(ẋ)q),
by Σ1 -completeness. Hence, ProvT (p¬ϕ(ẋ) ∧ ϕ(ẋ)q) and ProvT (p⊥q).
(ii) Let ϕ(x, y) ∈ Σn and ProvT (p∀yϕ(ẋ, y)q). Then, ∀y ProvT (pϕ(ẋ, ẏ)q)
and using Σn -reflection we obtain ∀y ϕ(x, y).
¥
Restricted uniform schemata RFNΣn (T ) are finitely axiomatizable over
EA, which follows immediately from the existence of partial truth-definitions. We also have the following theorem [Kreisel and Lévy, 1968].
THEOREM 23 (Unboundedness). RfnΣn (T ) is not contained in any consistent r.e. extension of T by Πn -sentences.
Proof. We only prove it for extensions of T by finitely many Πn -sentences.
The general case can be reduced to the finite case by a trick, akin to Rosser’s,
which we omit. Let π be a Πn -sentence such that T + π is consistent and
T + π ` RfnΣn (T ).
We have
T + π ` ProvT (p¬πq) → ¬π,
whence
T ` ProvT (p¬πq) → ¬π,
and, by Löb’s theorem, T + π is inconsistent.

¥
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REMARK 24. A dual statement holds for RfnΠn (T ) with a similar proof.
COROLLARY 25. RFNΣn (T ) is not contained in any consistent extension
of T by Σn+1 -sentences.
Proof. This follows from finite axiomatizability of RFNΣn (T ) and the fact
that it contains RfnΠn+1 (T ), by Lemma 22.
¥

4.3

Axiomatization results

Proofs of the results in this section are based on the following lemma from
[Beklemishev, 1989a].
Vm
LEMMA 26. GL ` ¡¬ i=1 (2pi → pi ) → 2m ⊥.
Proof. Rather than exhibiting a proof of the formula above we shall argue
semantically using the Kripke model characterization of GL.
Consider any model K such that K 1 2m ⊥. Then there is a sequence of
nodes in K such that
r = xm+1 ≺ xm ≺ . . . ≺ x1 ,
where r is the root of K. We notice that each formula 2pi → pi can be
false at no more than one node of the chain xm+1 , . . . , x1 . Therefore, by the
pigeonhole principle, there must exist a node z among the m + 1 nodes xi
such that
Vm
z ° i=1 (2pi → pi ).
In case z coincides with r = xm+1 we have
Vm
K 1 ¬ i=1 (2pi → pi ).
In case z = xi for some i ≤ m, we have r ≺ z by transitivity of ≺ and thus
Vm
K 1 2(¬ i=1 (2pi → pi )).
This proves the claim.

¥

As our first application we derive the following result found in [Boolos,
1979a] and [Artemov, 1979; Artemov, 1982]. For the sake of readability we
write 2T ϕ instead of ProvT (pϕq).
THEOREM 27. Con(Tn ) is not derivable from any n instances of the local
reflection schema for T , provided ch(T ) > n.
Proof. Assume
T `

Vn

i=1 (2T ϕi

→ ϕi ) → Con(Tn ).
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Then, by Lemma 21 and contraposition
Vn
T ` 2n+1
⊥ → ¬ i=1 (2T ϕi → ϕi ),
T
and by the derivability conditions
EA ` 2n+2
⊥ → 2T ¬
T

Vn

i=1 (2T ϕi

→ ϕi ).

By the arithmetical soundness of GL, from Lemma 26 we obtain
T ` 2n+1
⊥ → 2nT ⊥.
T
By Löb’s theorem, T ` 2nT ⊥ and Tn is inconsistent.

¥

We remark that it is not difficult to find particular n + 1 instances of the
local reflection schema that imply Con(Tn ): one can take all formulas (Fi )T
for i ≤ n. As a corollary we obtain
THEOREM 28. Neither Rfn(T ), nor any of the schemas RfnΣn (T ) for n ≥ 1
is finitely axiomatizable over T , provided ch(T ) = ∞.
Proof. By the previous theorem, any m instances of these schemata are
insufficient to prove the formula Con(Tm ). However, Con(Tm ) is provable in
Tω , which is already contained in T + RfnΣ1 (T ).
¥

4.4 Conservation results
Another striking property of local reflection principles is the following theorem.
THEOREM 29. T together with any n instances of local reflection principle
for T is Π1 -conservative over Tn .
Proof. Let π ∈ Π1 and
T `

Vn

i=1 (2T ϕi

→ ϕi ) → π.

Then, by the derivability conditions,
T ` ¡T ¬π → ¡T ¬

Vn

i=1 (2T ϕi

→ ϕi ).

From Lemma 26 we obtain T ` ¡T ¬π → 2nT ⊥, whence T ` ¬π → 2nT ⊥, by
provable Σ1 -completeness. Thus T ` ¬2nT ⊥ → π and Tn ` π.
¥
The following immediate corollary is known as Goryachev’s Theorem
[Goryachev, 1986].
THEOREM 30 (Goryachev). T + Rfn(T ) and Tω prove the same Π1 -sentences.
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By Goryachev’s theorem all schemata RfnΣn (T ), in contrast with the uniform reflection principles, prove the same Π1 -sentences. By [Beklemishev,
1997b] an even stronger conservation result holds.
THEOREM 31. Over any elementary presented theory T ,
(i) Rfn(T ) and RfnΣ1 (T ) prove the same boolean combinations of Σ1 sentences.
(ii) For n > 1, Rfn(T ) and RfnΣn (T ) prove the same Σn -sentences.
Proof. This requires a generalization of Lemma 26. Let modal formulas Qi
be defined as follows:
Q1 = p,

Qi+1 = Qi ∨ 2Qi ,

where p is a propositional variable.
Vm
Vm
LEMMA 32. GL ` ¡( i=1 (2pi → pi ) → p) → ( i=1 (2Qi → Qi ) → p).
A proof is rather similar to the proof of Lemma 26, so we omit it. Also
notice that Lemma 26 follows from Lemma 32, if one substitutes ⊥ for p.
Theorem 31 is now proved as follows. Assume
Vm
T ` i=1 (2T ϕi → ϕi ) → π.
By derivability conditions,
T ` ¡T (

Vm

i=1 (2T ϕi

→ ϕi ) → π).

Considering an arithmetical realization f that maps the variable p to the
sentence π and pi to ϕi , by Lemma 32 we conclude that
Vm
T ` i=1 (2T ψi → ψi ) → π,
where ψi denotes fT (Qi ). Now we observe that if π ∈ Σn for n > 1, then
ψi ∈ Σn , for all i. Hence,
T + RfnΣn (T ) ` π,
which proves (ii).
Let B(Σ1 ) be the set of boolean combinations of Σ1 -sentences. By a similar argument, B(Σ1 ) consequences of Rfn(T ) are contained in RfnB(Σ1 ) (T ).
It is not difficult to verify using provable Σ1 -completeness that RfnB(Σ1 ) (T )
is equivalent to RfnΣ1 (T ).
¥
These conservation results have been used in [Beklemishev, 1999b] to
characterize the classes of provably total computable functions of fragments
of Peano arithmetic with parameter-free induction and to solve some other
problems in this area. See Section 10 for more details.
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SOLOVAY THEOREMS

A central result in provability logic is the following theorem.
THEOREM 33 (Solovay). Assume ch(T ) = ∞. Then GL ` ϕ iff T ` ϕT .
For the proof of this theorem R. Solovay [Solovay, 1976] invented the
techniques of “embedding” Kripke models into arithmetic, which is currently
known under the name Solovay construction. Variants and generalizations
of this construction have been applied to obtain arithmetical completeness
results for various logics with provability and interpretability semantics. We
are going to describe this important construction below.
Let T be an elementary presented theory and K = (K, ≺, °) a finite
Kripke model. We assume without loss of generality that K = {0, . . . , n}
and 0 is the root of K. An elementary function h(x) can be defined with the
aid of the arithmetical fixed point theorem to satisfy the following equations
provably in EA:
h(0) = 0;
½
z,
h(m + 1) =
h(m),

if z ∈ K, h(m) ≺ z and Prf T (m, p` 6= z̄q);
otherwise.

Here ` = z denotes the arithmetical formula ∃m ∀n > m h(n) = z and ` 6= z
is ¬(` = z). Formally speaking, a ∆0 -formula expressing the relation h(x) =
y is defined in terms of its own Gödel number (from which the Gödel number
of ` = z is obtained in an elementary way).
Informally, the behavior of the function h can be illustrated by the following story.9 Imagine a refugee who is admitted from one country to another
only if he/she provides a proof not to stay there forever. If the refugee is
also never allowed to go to one of the previously visited countries, he/she
must eventually stop somewhere. So, an honest refugee will never be able
to leave his/her country of origin. . . Think about h(m) = z as the statement
that the refugee is in country z at the moment m. Some basic facts about
the moves of the refugee are expressed by the following lemma.
LEMMA 34. The following statements are provable in EA:
W
(i) z∈K ` = z̄;
(ii) ∀u, v (` = u ∧ ` = v → u = v);
W
(iii) ` = z̄ → ProvT (p wÂz ` = w̄q), if z ∈ K and z Â 0;
(iv) ` = z̄ → ¬ProvT (p` 6= ūq), if z, u ∈ K and u Â z.
9 We were not able to trace the origins of this story, which seems to belong to the lore
of provability logic.

36

SERGEI N. ARTEMOV & LEV D. BEKLEMISHEV

Proof. Statements (i) and (ii) follow from the fact that (provably in EA)
values of h belong to K and h is weakly increasing in the sense of the
ordering ¹.
To prove (iii) we reason within EA as follows:
If ` = z, then for some m, h(m) = z. By Σ1 -completeness, T `
∃m h(m) = z̄. Since h is provably monotone, we have T ` ∃m∀n >
W
m h(n) º z̄ and hence T ` wºz ` = w̄.
On the other hand, if ` = z and z Â 0, then there is the least m such
that h(m + 1) = z, and by the definition of h this implies T ` ` 6= z̄.
W
Thus, we obtain T ` wÂz ` = w̄.

To prove (iv) we formalize the following argument in EA:
If ` = z and T ` ` 6= ū, where u Â z, then for a sufficiently large m
there holds ∀k ≥ m h(k) = z and Prf T (m, p` 6= ūq). But then, by the
definition of h, one has h(m + 1) = u. Since h is weakly increasing
this implies ` 6= z, a contradiction.

This completes the proof of Lemma 34.

¥

We call Solovay realization the following function:
_
f (p) =
` = z̄.
z∈K, z p

LEMMA 35. For all formulas ϕ and for all z ∈ K, z Â 0,
(i) If z ° ϕ, then EA ` ` = z̄ → fT (ϕ);
(ii) If z 1 ϕ, then EA ` ` = z̄ → ¬fT (ϕ).
Proof. Statements (i) and (ii) are proved simultaneously by induction on
ϕ. We consider the most important case when ϕ has the form 2ψ.
(i) If z ° 2ψ, then ∀u Â z u ° ψ. Hence, by the induction hypothesis,
W
EA ` uÂz ` = ū → fT (ψ).
Using Lemma 34 (iii) we then obtain
EA ` ` = z̄

→
→

W
ProvT (p uÂz ` = ūq)
ProvT (pfT (ψ)q)

→

fT (2ψ).

(ii) If z 1 2ψ, then ∃u Â z u 1 ψ. By the induction hypothesis
EA ` ` = ū → ¬fT (ψ),
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whence
EA ` ¬ProvT (p` 6= ūq) → ¬ProvT (pfT (ψ)q).
Using Lemma 34 (iv) we obtain
EA ` ` = z̄

→
→
→

¬ProvT (p` 6= ūq)
¬ProvT (pfT (ψ)q)
¬fT (2ψ).
¥

Proof of Theorem 33. If GL 0 ϕ, then there is a finite Kripke model K0
such that K0 1 ϕ. We may assume that K0 = {1, . . . , n} and 1 is the root of
K0 . We extend K0 by a new node 0 stipulating K = K0 ∪ {0} and 0 ≺ z, for
all z ∈ K0 . The forcing of propositional variables is defined at 0 arbitrarily.
Applying Solovay construction to K yields an arithmetical realization f
for which
EA ` ` = 1 → ¬fT (ϕ).
If T ` fT (ϕ) we then would have T ` ` 6= 1. By Lemma 34 (iv) this implies
` 6= 0, so ` = z̄ is true, for some z ∈ K0 . For n = d(z) we have z ° 2n+1 ⊥
and therefore EA ` ` = z̄ → (2n+1 ⊥)T . Hence, (2n+1 ⊥)T is true, that is
ch(T ) ≤ n, a contradiction.
¥
Solovay’s theorem characterizes modal schemata provable in a theory T .
What about the modal schemata true in the standard model of arithmetic?
The answer is provided by so-called second Solovay theorem and the logic
S. The system S is defined as the closure of GL together with the (modal)
reflection axiom 2ϕ → ϕ under modus ponens. Necessitation rule is not
admissible in S because one can easily derive a contradiction from Löb’s
axiom and the necessitated reflection axiom: 2⊥ → ⊥, 2(2⊥ → ⊥), 2⊥,
⊥.
Let S(ϕ) denote the following modal formula:
Vn
i=1 (2ϕi → ϕi ),
where 2ϕ1 , . . . , 2ϕn enumerate all subformulas of ϕ of the form 2ψ. A
node x in a model K is called ϕ-reflexive, if x ° S(ϕ).
THEOREM 36 (Solovay, II). Let T be a sound theory. The following statements are equivalent:
(i) S ` ϕ;
(ii) GL ` S(ϕ) → ϕ;
(iii) N ² ϕT .
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Proof. Implication (ii)⇒(i) is obvious. (i)⇒(iii) follows at once from the
soundness of T . We prove (iii)⇒(ii) by contraposition. Assume GL 0
S(ϕ) → ϕ. Then there is a finite model K with K = {0, . . . , n} and the
root 0 such that K ° S(ϕ) and K 1 ϕ. Apply the Solovay construction to
K. Lemmas 34, 35 obviously carry through. In addition we have
LEMMA 37. For any subformula ψ of the formula ϕ there holds:
(i) If 0 ° ψ, then EA ` ` = 0 → fT (ψ);
(ii) If 0 1 ψ, then EA ` ` = 0 → ¬fT (ψ).
Proof. We argue by induction on ψ. Statement (ii) is proved similarly to
Lemma 35 (ii). For the proof of (i) notice that if ψ has the form 2θ and
0 ° ψ, then ∀x ∈ K x ° θ, by the ϕ-reflexivity of the node 0. Hence, by
the induction hypothesis and Lemma 35 (i),
¡W
¢
EA `
u∈K ` = ū → fT (θ).
By Lemma 34 (i), EA ` fT (θ) and therefore
EA ` ` = 0 → ProvT (pfT (θ)q).
¥
From this lemma we conclude that
EA ` ` = 0 → ¬fT (ϕ).
Since T is sound, ` = 0 holds in the standard model (an honest refugee does
not leave the country of origin). Therefore fT (ϕ) is false, a contradiction.
¥
COROLLARY 38. S is decidable.
6 CLASSIFICATION OF PROVABILITY LOGICS

6.1 Provability logics relative to a theory
Provability logic aims at describing valid laws of provability in a given system T . However, Gödel’s incompleteness theorems put a significant constraint: the answer to such a question is not unique. In general, one should
distinguish between the theory T under study and the metatheory U , in
which one reasons about the properties of T . Different metatheories verify
different properties of T . Perhaps, the most natural choice of U is the true
arithmetic TA, which is axiomatized by the set of all sentences true in the
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standard model N. Other possible choices are: T itself, EA, PA, etc. This
naturally leads to the notion of provability logic of a theory T relative to a
metatheory U that was suggested independently by S.N. Artëmov [Artemov,
1980] and A. Visser [Visser, 1981].
Let U be an arbitrary theory containing EA (not necessarily elementary
presented or even r.e.) and let T be an elementary presented theory. The
provability logic of T relative to U is the set PLT (U ) of all modal formulas
ϕ such that U ` ϕT . Intuitively, PLT (U ) axiomatizes those principles of
provability in T that can be verified by means of U . PLT (T ) is sometimes
called the provability logic of T , and PLT (TA) is called the truth provability
logic of T . Solovay’s theorems can be restated as saying that, if T is a sound
theory, then PLT (T ) = GL and PLT (TA) = S. In general, PLT (U ) is a
(not necessarily normal) modal logic extending GL, for it is closed under
modus ponens and substitution rules.
A modal logic L is called a provability logic if L = PLT (U ) for some
T and U . A somewhat older term for the same notion, introduced by
S.N. Artëmov [Artemov, 1980], is arithmetically complete modal logic. We
explain this terminology in the following paragraph.

6.2 Inference by arithmetical interpretation
Arithmetical interpretation w.r.t. a theory T induces a natural consequence
relation on the set of modal formulas. Let Γ be a set of modal formulas.
Write Γ `∗T ϕ if EA + ΓT ` ϕT , that is, if every T -interpretation of ϕ follows
from T -interpretations of formulas from Γ. Notice that Γ `∗T is closed under
modus ponens and substitution, but, in general, not under the necessitation
rule.
By Solovay’s first theorem, ∅ `∗T ϕ iff GL ` ϕ, and by Solovay’s second
theorem
{2p → p} `∗T ϕ ⇐⇒ S ` ϕ ⇐⇒ {2p → p} `GL,sub ϕ.
Here the relation Γ `GL,sub ϕ means that ϕ follows from Γ and axioms
of GL by modus ponens and substitution rules. Later we will see that the
arithmetical consequence relation `∗T is, in general, much stronger than
`GL,sub .
A logic L is called T -complete, if it is closed under `∗T :
L `∗T ϕ ⇐⇒ L ` ϕ,
for all formulas ϕ. The T -completion [L]T of L is the minimal T -complete
logic containing L. The following proposition shows that T -complete logics
are precisely the provability logics for T .
PROPOSITION 39. L is T -complete iff L = PLT (U ) for some U .
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Proof. It is easy to see that logics of the form PLT (U ) are T -complete.
Conversely, if L is T -complete, then L = PLT (EA + LT ).
¥

6.3

Classification theorem

One of the early questions in the field of provability logic was the so-called
classification problem, that is, the problem of characterizing all possible
provability logics within the lattice of extensions of GL. By Proposition 39
this problem is equivalent to the question of characterizing the arithmetical
consequence relation `∗T .
The solution to this problem is the outcome of the work of several authors:
S.N. Artëmov [Artemov, 1980; Artemov, 1985b], A. Visser [Visser, 1981;
Visser, 1984], G. Japaridze [Japaridze, 1986], L.D. Beklemishev [Beklemishev, 1989a]. For a set of modal formulas X, let LX denote the closure
of X and all theorems of a logic L under modus ponens and substitution
rules. S.N. Artëmov [Artemov, 1980] showed that any logic of the form
GLX, where X is a set of letterless formulas, is a provability logic. In [Artemov, 1985b] he showed that such extensions are exhausted by the following
two specific families of logics:
GLα = GL{Fn : n ∈ α},

W

GL−
β = GL{

n6∈β

¬Fn },

where α, β ⊆ ω and β is cofinite.
The families GLα and GL−
β are ordered by inclusion precisely as their
−
indices, and GLα is included in GL−
α for cofinite α. The logics GLβ are not
contained in S and therefore correspond to unsound metatheories U , if T
is sound. A. Visser [Visser, 1984] showed that GL−
β are the only provability
logics not contained in S. S.N. Artëmov [Artemov, 1985b] reduced the
classification problem to the interval between GLω and S.
G. Japaridze [Japaridze, 1986; Japaridze, 1988] found a new provability
logic D within this interval:
D = GL{¬2⊥, 2(2ϕ ∨ 2ψ) → (2ϕ ∨ 2ψ)}.
He showed that D = PLPA (PA + ω-Con(PA)), where ω-Con(PA) denotes a
formalization of ω-consistency of Peano arithmetic.
As the final step, L.D. Beklemishev [Beklemishev, 1989a] showed that D
is the only provability logic within the interval between GLω and S. This
completed the classification of provability logics. We denote Sβ = S ∩ GL−
β,
−
[
Dβ = D ∩ GLβ and formulate the resulting Classification theorem Beklemishev, 1989a].
THEOREM 40 (Classification theorem). The provability logics are exhausted by the four families: GLα , GL−
β , Sβ and Dβ , for α, β ⊆ ω, β cofinite.
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Each of these logics is T -complete for any elementary presented theory T of
infinite characteristic.
L.D. Beklemishev [Beklemishev, 1989a] also characterized all possible
truth provability logics.
COROLLARY 41. The truth provability logics are precisely the following
ones:
S, D, GLω , and GL{¬Fn }, n ∈ ω.
Moreover, for any elementary presented theory T ,
(i) PLT (TA) = S iff T is sound;
(ii) PLT (TA) = D iff T is Σ1 -sound but not sound;
(iii) PLT (TA) = GLω iff T is not Σ1 -sound but ch(T ) = ∞;
(iv) PLT (TA) = GL{¬Fn } iff ch(T ) = n (for n < ∞).
Proof. If ch(T ) = n < ω, then formula (¬Fn )T is true, hence PLT (TA) ⊇
GL{¬Fn }. But GL{¬Fn } is a maximal logic among consistent provability
logics, so PLT (TA) = GL{¬Fn }. If ch(T ) = ∞, then all formulas FnT
are true, therefore PLT (TA) ⊇ GLω . By Classification theorem, there are
only three consistent provability logics containing GLω : GLω , D or S. If
T is Σ1 -sound, clearly PLT (TA) ⊇ D. Corollary 52 (i) below implies that
EA + DT ` RfnΣ1 (T ), hence PLT (TA) ⊇ D if and only if T is Σ1 -sound.
Together with the obvious (i) this proves (ii) and (iii).
¥
For the sake of completeness we also formulate a rudimentary variant
of the Classification theorem for theories T of finite characteristic. This
incorporates a result of A. Visser [Visser, 1981; Visser, 1984] describing the
set of provability logics of the form PLT (T ), for such theories T .
COROLLARY 42. Let ch(T ) = n < ∞. Then
PLT (EA) = GL{2n+1 ⊥},
PLT (T ) = GL{2n ⊥},
and T -complete logics are precisely the logics GL−
α for ω \ α ⊆ {0, . . . , n}.
This statement easily follows from the Classification theorem and Statement (iv) of the previous corollary.
Finally, we mention an important corollary of the proof of the Classification theorem that will be discussed below.
COROLLARY 43. The consequence relation Γ `∗T ϕ, as a relation between
a finite set of formulas Γ and a formula ϕ, is decidable. Moreover, for any
such Γ one can effectively find a formula Γ∗ such that for any ϕ,
Γ `∗T ϕ ⇐⇒ Γ∗ `GL,sub ϕ.
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As such a formula Γ∗ one can take the axiom of the logic [Γ]T that
happens to be finitely axiomatizable for finite Γ.
REMARK 44. The relation Γ `GL,sub ϕ is undecidable. This follows from
the existence of a finitely axiomatizable undecidable logic extending GL (see
[Chagrov et al., 2001]). From the Classification theorem we conclude that
all finitely axiomatizable provability logics are decidable.

6.4

Proof of the Classification theorem

A full proof of the Classification theorem would exceed the limits of this
survey, so we shall skip some more technical parts. The missing details can
be found in the dissertation of the second author translated by AMS in
[Beklemishev et al., 1999].
The proof roughly falls into three main steps, which use different techniques and ideas. Step 1 is the techniques of traces developed by S.N. Artëmov, which allows to reduce the Classification problem to the interval of
logics between GLω and S. Step 2 is the result that there are no provability
logics between D and S, which is mostly based on Kripke models for D and
their characteristic formulas. Finally, Step 3 is the fact that there are no
provability logics between GLω and D, which is based on a modification of
the Solovay construction.
Classification by traces
Recall the definition of trace of a formula from Section 2.7. The trace tr(L)
of a modal logic L extending GL is the union of traces of all theorems of L.
It is not difficult to see that tr(GLα ) = tr(GL−
α ) = α and tr(S) = tr(D) = ω.
LEMMA 45. If α is coinfinite, then GLα is the strongest logic with trace α.
If α is cofinite, then the strongest logic with trace α is GL−
α.
Proof. Let L be a logic, tr(L) = α, and α coinfinite. If L ` ϕ, then
tr(ϕ) ⊆ α, and therefore, by Lemma 12, tr(ϕ) is finite. By Lemma 13,
´
³V
F
→ ϕ,
GL `
n
n∈tr(ϕ)
whence GLα ` ϕ. So we have proved that L ⊆ GLα .
−
Now assume that
W α is cofinite. Then L ⊆ GLα because by Lemma 13 the
letterless formula n6∈α ¬Fn , whose trace is α, implies all theorems of L. ¥
Now we show that, if α ⊆ ω is coinfinite, then the only provability logic
with trace α is GLα . If, on the other hand, α is cofinite, then any provability
logic with trace α either coincides with GL−
α , or is contained in the interval
between GLα and Sα . These results are based on the following lemma.
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LEMMA 46. Let T be an elementary presented theory and ϕ a modal formula. If n ∈ tr(ϕ), then there exists a realization f such that
EA ` fT (ϕ) → (Fn )T .
Proof. This lemma is a direct application of the Solovay construction. Let
n ∈ tr(ϕ) and K0 be a model of height n falsifying ϕ, where K0 = {1, . . . , m}
and 1 is the root of K0 . As in the proof of Solovay’s theorem, attach a new
root 0 to K0 . Obviously, in the new model K the node 1 is the only node
of depth n, d(0) = n + 1, and 1 1 ϕ.
Apply the Solovay construction to K and let f be the corresponding
realization. By Lemma 35,
EA ` ` = 1 → ¬fT (ϕ).
Since 1 is the only node of depth n, it is not difficult to see that
EA ` (¬Fn )T → ` = 1,
which proves the lemma.

¥

From this lemma we obtain the following corollaries.
COROLLARY 47. If L is a provability logic and n ∈ tr(L), then L ` Fn .
COROLLARY 48. If L is a provability logic, tr(L) = α, and α is coinfinite,
then L = GLα .
Proof. L ⊆ GLα , by Lemma 45; GLα ⊆ L, by Corollary 47.

¥

In a similar manner the following result is obtained.
LEMMA 49. Let L be a provability logic such that L 6⊆ S. Then tr(L) = α
is cofinite and L = GL−
α.
Proof. Let α = tr(L). If α is coinfinite, then GLα is the strongest logic with
trace α. But GLα ⊆ S, therefore L ⊆ S. Hence, α is cofinite and L ⊆ GL−
α.
Let us prove that L ⊇ GL−
α . Since L 6⊆ S, there is a formula ϕ such that
L ` ϕ, but S 0 ϕ. Clearly, in this case GL 0 S(ϕ) → ϕ, hence there is a
model K with a root 0 such that 0 1 ϕ and the node 0 is ϕ-reflexive.
Set
^
ψ =ϕ∧
Fn .
n<h(K), n∈α

By Corollary 47, L ` ψ. Apply Solovay’s construction to the model K and
let f be the corresponding realization. From the properties of the Solovay
realization it is possible to conclude that
³W
´T
EA ` fT (ψ) →
.
(1)
k6∈α ¬Fk
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Now assume that L = PLT (U ), for some theories T and U . Since L ` ψ,
for any realization f we have U ` fT (ψ). In particular, this holds for the
Solovay realization. Then, by (1), we obtain
U`
whence L `

W
k6∈α

³W
k6∈α

¬Fk

´T

,

¬Fk .

¥

COROLLARY 50. Any consistent provability logic L of trace ω satisfies
GLω ⊆ L ⊆ S.
Finally, we reduce the classification problem to the interval between GLω
and S. Notice that the intersection of any two T -complete logics L1 ∩ L2 is
T -complete. Moreover, if tr(L) = ω, then tr(L ∩ GL−
α ) = α. So, the function
ηα : L 7−→ L ∩ GL−
α
maps provability logics of trace ω to those of (cofinite) trace α. It turns out
that ηα is a bijection. The inverse mapping is given by the formula
ξα : L 7−→ L{Fn : n 6∈ α}.
The fact that ηα and ξα are mutually inverse can be inferred from Corollary
47 and Lemma 45. Together with Corollary 50 this implies that we only
have to describe the provability logics in the interval between GLω and S.
Logics between GLω and D
We formulate the main lemma and its corollary right away.
LEMMA 51. Let T be an elementary presented theory and GLω 0 ϕ. Then
for any arithmetical Σ1 -sentence σ there is a realization f such that
EA + {¬2n ⊥ : n ∈ ω}T + fT (ϕ) ` ProvT (pσq) → σ.
COROLLARY 52. If GLω 0 ϕ, then
(i) EA + {¬2n ⊥ : n ∈ ω}T + ϕT ` RfnΣ1 (T );
(ii) GLω {ϕ} `∗T D.
Proof. Statement (i) is just a weakening of Lemma 51; (ii) follows from
(i) because arithmetical interpretations of the axioms of D are instances of
local Σ1 -reflection principle.
¥
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Proof of Lemma 51. We apply a modification of the Solovay construction.
Assume GLω 0 ϕ. Then, by Lemma 26,
GL 0 3S(ϕ) → ϕ.
Hence, there is a model K0 with K0 = {1, . . . , k} and the root 1 such that
there is a ϕ-reflexive node r Â 1 and K0 1 ϕ. As usual, consider a model K
obtained by adding to K0 a new root 0.
Let σ be an arbitrary Σ1 -sentence. We may assume that σ has the form
∃xσ0 (x), where σ0 is a ∆0 -formula. Define an elementary function h as
follows:
h(0)

=

h(m + 1)

=

0;


z,

otherwise

if Prf T (m, p` 6= z̄q), z Â h(m) and z 6= r;
(
r,
if h(m) = 1 and ∃x ≤ m σ0 (x);
h(m), otherwise.

Here ` = z denotes, as usual, the formula expressing limm→∞ h(m) = z.
Informally speaking, among various countries visited by the refugee there is
now a dangerous one, designated by node 1 and a friendly one, designated
by node r. If the alarm rings (∃x ≤ m σ0 (x) is true) while the refugee
resides the dangerous country, he/she has to leave immediately. In this case
the refugee goes directly to the friendly country r. In all other cases he/she
behaves as in the original Solovay construction.
We define a realization f as before:
_
f (p) =
` = z̄.
z∈K, z p

LEMMA 53. For all z ∈ K, z Â 0, and all subformulas ψ of the formula ϕ
there holds:
(i) If z ° ψ, then EA ` ` = z̄ → fT (ψ);
(ii) If z 1 ψ, then EA ` ` = z̄ → ¬fT (ψ).
Proof. This lemma is proved very similarly to Lemma 35 by induction on
ψ. We essentially rely on the fact that in the case of emergency the refugee
jumps to a ϕ-reflexive node. Let ψ = 2θ.
(i) If z ° 2θ and z 6= r, reason as in Lemma 35. If z = r, we have
∀u Â z u ° θ, but also z ° θ by ϕ-reflexivity of r. Hence, by induction
hypothesis,
W
EA ` ( uºr ` = ū) → fT (θ)
and

W

EA ` ProvT (p

uºr

` = ūq) → ProvT (pfT (θ)q).
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Therefore, by the provable monotonicity of h,
EA ` ` = r̄

→
→

ProvT (p
fT (2θ).

W
uºr

` = ūq)

(ii) If z 1 2θ, then there is a node u Â z such that u 1 θ. Pick a maximal
such node. We claim that u 6= r. Indeed, by maximality,
u 1 θ and ∀w Â u w ° θ.
Hence u ° 2θ, and thus u cannot be a ϕ-reflexive node, whereas the node
r is ϕ-reflexive. By the induction hypothesis, we have
EA ` ` = ū → ¬fT (θ),
whence
EA ` ` = z̄

→ ¬Prov(p` 6= ūq)
→ ¬ProvT (pfT (θ)q)
→ ¬fT (2θ),

as in the proof of Lemma 35.

¥

LEMMA 54. EA + {¬2n ⊥ : n ∈ ω}T proves the following statements:
(i) ` ∈ {0, 1, r};
(ii) ProvT (pσq) ∧ ¬σ → ` = 1.
Proof. (i) On the set of nodes K \ {0, 1, r} the function h behaves exactly
as the Solovay function. In particular, for any z 6∈ {0, 1, r} we have
EA ` ` = z̄ → (2d(z)+1 ⊥)T ,
which can be proved by induction on the depth of z. It follows that for
n > h(K)
EA ` (¬2n ⊥)T

→

^

` 6= z̄

z6∈{0,1,r}

→ ` ∈ {0, 1, r}.
(ii) First of all, we notice that
EA ` σ → ` 6= 1,
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because if the alarm rings while the refugee resides in 1, he/she is forced to
leave. This yields
EA ` ProvT (pσq) →
→

ProvT (p` 6= 1q)
` 6= 0.

It is also obvious that
EA ` ¬σ → ` 6= r,
because the only way for a refugee to get to the node r is by jumping from
1 when the alarm rings. Summing this up with Statement (i) we obtain
EA + {¬2n ⊥ : n ∈ ω}T ` ProvT (pσq) ∧ ¬σ → ` = 1,
as required.

¥

We finish the proof of Lemma 51 as follows. By Lemma 53,
EA ` ` = 1 → ¬fT (ϕ),
and combining this with Lemma 54 (ii) we obtain
EA + {¬2n ⊥ : n ∈ ω}T ` ProvT (pσq) ∧ ¬σ → ¬fT (ϕ).
So, by propositional logic,
EA + {¬2n ⊥ : n ∈ ω}T + fT (ϕ) ` ProvT (pσq) → σ,
as required.

¥

COROLLARY 55. There are no provability logics strictly between GLω and
D.
Logics between D and S
The weight of the arithmetical component in this part of the proof is relatively low. Analysis of Kripke models for the logics D [Beklemishev, 1989b]
and S [Visser, 1984] and their characteristic formulas yields the following
property whose proof can be found in [Beklemishev et al., 1999].
LEMMA 56. Let ϕ be a modal formula such that D 0 ϕ. Then there is a
formula ψ such that Var(ψ) = Var(ϕ), S 0 ψ and D{ϕ} ` ψ ∨ (2p → p),
where p 6∈ Var(ϕ).
From this lemma we infer
LEMMA 57. Let T be an elementary presented theory and ϕ a modal formula such that D 0 ϕ. Then D{ϕ} `∗T 2p → p.

48

SERGEI N. ARTEMOV & LEV D. BEKLEMISHEV

Proof. For a given ϕ apply Lemma 56 and obtain a formula ψ. Consider
the T -completion L = [D{ψ}]T of the logic D{ψ}. By Lemma 49, since
S 0 ψ, LWcoincides with GL−
β for some cofinite β ⊆ ω. Let F denote the
formula n6∈β ¬Fn . Obviously, L ` F and therefore D{ψ} `∗T F . But we
also have D ` ¬F because D contains GLω , hence D{ψ} `∗T ⊥. Now using
the fact that p 6∈ Var(ψ) we conclude that
D{ψ ∨ (2p → p)} `∗T 2p → p.
Thus, D{ϕ} `∗T 2p → p, as required.

¥

COROLLARY 58. There are no provability logics strictly between D and S.

6.5

Examples and discussion

So far we have excluded all non-provability logics, but we have not yet shown
that the remaining ones — GLα , GL−
β , Sβ , and Dβ — are arithmetically complete. However, having done all the technical work in the previous section,
this is now easy.
The fact that logics of the form GLα and GL−
β (α coinfinite, β cofinite)
are T -complete for any T of infinite characteristic follows from Lemma 45.
Indeed, any of these logics L is maximal among consistent provability logics,
therefore [L]T = L.
We need two more examples.
EXAMPLE 59. PLT (Tω ) = GLω , if T has infinite characteristic.
Proof. The containment (⊇) is clear. If PLT (Tω ) 6= GLω , then PLT (Tω ) ⊇
D and hence
Tω ` DT ` RfnΣ1 (T ),
by Corollary 52. However, by Theorem 23, RfnΣ1 (T ) is not contained in
any consistent r.e. extension of T by Π1 -sentences, in particular, in Tω if
ch(T ) = ∞.
¥
EXAMPLE 60. PLT (T + RfnΣ1 (T )) = D, if T has infinite characteristic.
Proof. (⊇) is easy. Inequality would imply PLT (T + RfnΣ1 (T )) ⊇ S and
hence
T + RfnΣ1 (T ) ` Rfn(T ).
If ch(T ) = ∞, then T + RfnΣ1 (T ) is a consistent (by Corollary 30) r.e.
extension of T of complexity Π2 . Hence, by Theorem 23, it cannot contain
Rfn(T ).
¥
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Since the class of T -complete logics is closed under intersection, we conclude that all logics GLα , GL−
β , Sβ , and Dβ are T -complete, for any T of
infinite characteristic.
The Classification theorem shows that the provability logic PLT (U ) is
essentially determined by the amount of reflection for T that is provable in
U . To find out, given T and U , how much reflection for T is provable in
U can be rather difficult. However, this question for many natural pairs
of theories has already been investigated using traditional proof-theoretic
methods (see Section 10 for more examples and applications of such results).
EXAMPLE 61. PLEA (PA) = PLIΣn (PA) = S.
Proof. By a well-known theorem of G. Kreisel and A. Lévy [Kreisel and
Lévy, 1968], PA ` RFN(IΣn ). Classification theorem then leaves only one
possibility.
¥
EXAMPLE 62. PLIΣm (IΣn ) = D, for m < n.
Proof. A theorem of D. Leivant [Leivant, 1983; Hájek and Pudlák, 1993]
states that for all n ≥ 1,
IΣn+1 ` RFNΣn+2 (IΣn ).
On the other hand,
IΣn+1 0 Rfn(IΣn ),
because IΣn+1 is a finitely axiomatizable extension of IΣn .

¥

EXAMPLE 63. PLPA (PA + Con(ZF )) = PLIΣ1 (IΣ1 + Con(PA)) = GLω .
Proof. Obviously, if an elementary presented theory U contains the local
Σ1 -reflection schema for T , then T + Con(U ) ⊇ Tω . Yet, a consistent theory
T + Con(U ) cannot prove RfnΣ1 (T ) because Con(U ) is Π1 . So, PLT (T +
Con(U )) 6= D and has to coincide with GLω .
¥
7

PROVABILITY ALGEBRAS

Provability algebras were introduced by R. Magari [Magari, 1975a; Magari,
1975b] as an alternative way of looking at provability logic.10 Some (though
10 R. Magari used the term ‘diagonalizable algebras’. Later the term ‘Magari algebras’
has been used on a par with the original one. This latter was officialised at a gathering of
provability logicians at the Magari memorial conference in Siena in 1994. In this paper
we have a need in two terms: the one for the Lindenbaum algebra associated with a
formal theory T equipped with the operator of provability, which we call the provability
algebra of T , and another for the more general algebras satisfying the same identities,
which we call Magari algebras. Thus, provability algebras are a particular kind of Magari
algebras naturally associated with arithmetical theories.
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not all) of the results in provability logic can be translated from the logical
language to the algebraic language and vice versa. Very often the choice
of language is more or less a matter of taste. However, there are some
advantages to the algebraic point of view: firstly, it is closer to the way of
looking at things in mathematics, it emphasizes the underlying structures
and thus helps to formulate proper analogies and questions to be answered.
Secondly, this approach is very flexible. It allows to naturally incorporate
certain additional features of arithmetical theories that are, in particular,
necessary for further applications in proof theory.
This section is mostly written for logically and proof-theoretically, rather
than algebraically, minded readers. So, we do not presume much knowledge
of universal algebra and try to be somewhat economical with the use of
algebraic terminology.

7.1

Lindenbaum algebras

Let an elementary presented theory T containing EA be given. The Lindenbaum boolean algebra of T , denoted BT , has as its universe the set of all
T -sentences modulo the equivalence relation
ϕ ∼T ψ ⇐⇒ T ` ϕ ↔ ψ.
Officially we denote by [ϕ]T the equivalence class {ψ : ψ ∼T ϕ} of ϕ,
but in practice we shall often identify the equivalence classes and formulas.
The implication → induces an operation on the set of equivalence classes:
[ϕ]T → [ψ]T = [ϕ → ψ]T . Together with obviously defined constants ⊥ and
> it gives the set BT a structure of a boolean algebra (BT , →, ⊥, >). As
before, we regard ∧, ∨, ¬, ↔ as defined operations. The relation
[ϕ]T ≤ [ψ]T ⇐⇒ [ϕ]T → [ψ]T = > ⇐⇒ T ` ϕ → ψ
is the standard partial ordering on BT .
The structure BT provides an algebraic view of some proof-theoretic objects: schemata over T correspond to subsets of BT ; extra-logical inference
rules correspond to operators acting on BT ; deductively closed sets of formulas, usually called extensions of T , correspond to filters of BT , that is,
subsets of BT upwards closed w.r.t. ≤ and closed under ∧. If U is an extension of T , then BU can be identified with the corresponding quotient algebra
of BT .11
The notion of Lindenbaum algebra makes sense for any formal system
containing propositional logic. If T is a consistent elementary presented
extension of EA, the boolean algebra BT turns out to be uniquely defined
and well understood.
11 See

Section 7.4 below for a definition of a quotient algebra.

PROVABILITY LOGIC

51

PROPOSITION 64. If T is consistent and contains EA, BT is a countable
dense boolean algebra.
Proof. Countability of BT is clear, since we assume that the language of
T is countable. Density means that if ϕ < ψ in BT , then there is a θ such
that ϕ < θ < ψ.
Consider a theory T1 = T + ψ + ¬ϕ. Since T 0 ψ → ϕ, T1 is consistent.
So, by Rosser’s theorem, there is a sentence ρ such that both T1 + ρ and
T1 + ¬ρ are consistent. Take θ = (ρ ∧ ψ) ∨ ϕ. Obviously, ϕ ≤ θ ≤ ψ. On
the other hand, if T ` θ → ϕ, then T1 ` ¬ρ. If T ` ψ → θ, then T1 ` ρ.
Both statements contradict the choice of ρ.
¥
We mention without proof the following simple fact from basic boolean
algebra theory (see also [Goncharov, 1997] for an in-depth monograph on
countable boolean algebras).
PROPOSITION 65. Any two countable dense boolean algebras are isomorphic.
So, the Lindenbaum algebras of all interesting theories, such as PA, EA,
ZF, etc., are isomorphic. Moreover, by [Pour-El and Kripke, 1967] they
are even recursively isomorphic, considered as numerated structures. This
indicates that the structure of the Lindenbaum boolean algebra is too poor
to capture essential proof-theoretic information on any particular system.
We want to enrich this structure.

7.2 Provability algebras
The provability predicate ProvT (x), by Löb’s derivability conditions, correctly defines an operator
2T : [ϕ]T 7−→ [ProvT (pϕq)]T
acting on the Lindenbaum algebra BT . Indeed, if T ` ϕ ↔ ψ, then T `
ProvT (pϕq) ↔ ProvT (pψq). The enriched structure MT = (BT , 2T ) is
called the provability algebra of T .
One of the first questions one usually asks about a newly defined algebra
A is: what identities does it satisfy? Recall that an identity of A is a valid
in A formula of the form ∀~x (t1 (~x) = t2 (~x)), where t1 , t2 are terms in the
language of A.
Terms in the language of provability algebras are built up from variables
and >, ⊥ by the operations →, 2 and can be identified with propositional
modal formulas. From now on we shall denote provability algebra terms
and propositional formulas by the same letters ϕ, ψ, etc. Any equation in a
boolean algebra can be written in a simplified form, where the second term
is just a constant:
A ² ϕ1 = ϕ2 ⇐⇒ A ² (ϕ1 ↔ ϕ2 ) = >.
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The following proposition shows that such simplified identities of MT are
described by the provability logic of T .
PROPOSITION 66. For any modal formula/term ϕ(~
p ),
MT ² ∀~
p (ϕ(~
p ) = >) ⇐⇒ ϕ ∈ PLT (T ).
Proof. Obviously, MT ² ∀~
p (ϕ(~
p ) = >) iff fT (ϕ) is provable in T , for every
arithmetical realization f .
¥
Solovay’s first completeness theorem now translates to the following
COROLLARY 67. If ch(T ) = ∞, then for any modal formula/term ϕ(~
p ),
GL ` ϕ(~
p ) ⇐⇒ MT ² ∀~
p (ϕ(~
p ) = >).

7.3

Magari algebras and duality

R. Magari introduced a general notion of algebra satisfying all the identities
of provability algebras. A Magari algebra M is a boolean algebra equipped
with an additional operator 2 satisfying the identities:
(i) 2(ϕ → ψ) → (2ϕ → 2ψ) = >;
(ii) 2(2ϕ → ϕ) → 2ϕ = >;
(iii) 2> = >.
It is easy to verify that any theorem ϕ(~
p ) of GL represents an identity
ϕ(~
p ) = > that holds in all Magari algebras. Identity (iii) ensures the
closure under the necessitation rule. Vice versa, if ϕ(~
p ) = > holds in all
Magari algebras, in particular, it must hold in MPA , therefore GL ` ϕ.
Natural Magari algebras can be constructed from Kripke frames for GL.
Consider a frame K = (K, ≺) and let M be the algebra of all subsets of
K with the standard boolean operations and the following operation 2: for
any X ⊆ K,
2X := {x ∈ K : ∀y ∈ K (x ≺ y ⇒ y ∈ X)}.
Then it is easy to verify that M is a Magari algebra satisfying those identities ϕ(~
p ) = > such that K ² ϕ(~
p ).
This method is especially useful for constructing finite Magari algebras.
For example, from the finite model property for GL (Corollary 4) we obtain
the corresponding finite model property for Magari algebras.
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PROPOSITION 68. If an identity holds in every finite Magari algebra, then
it holds in all Magari algebras.
A natural generalization of the above construction and its inverse lead to
the Stone duality theory for Magari algebras. It is not our intention here
to go into this topic. See [Magari, 1975b] and [Bull and Segerberg, 2001;
van Benthem, 2001] for the details.

7.4 Subalgebras, filters, free algebras
Here we describe the method of constructing Magari algebras as quotient
algebras of free algebras. First, we recall some standard terminology applicable to Magari algebras.
A homomorphism between Magari algebras A and B is a mapping f :
A → B preserving all the operations, that is,
• f (>) = >, f (⊥) = ⊥;
• f (ϕ → ψ) = (f (ϕ) → f (ψ));
• f (2ϕ) = 2(f (ϕ)).
An embedding is a one-to-one homomorphism; an epimorphism is an onto
homomorphism. An isomorphism is both an embedding and an epimorphism.
Let a subset X of a Magari algebra A be given. X generates a subalgebra
hXi of A, that is, the smallest subset of A containing X ∪ {>, ⊥} and closed
under all functions of A. It can also be described as the set of values of all
terms in the language of A on arguments coming from X. We say that X
generates A if hXi = A. Among various subalgebras of A there always is
the minimal one, h∅i, which is called the prime subalgebra of A.
A filter P of (the boolean part of) a Magari algebra A is called a 2filter, if x ∈ P implies 2x ∈ P , for all x ∈ A. If P is a 2-filter, then
the corresponding quotient algebra A/P is defined as the set of equivalence
classes of A modulo the relation x ∼P y ⇐⇒ (x ↔ y) ∈ P , with the
inherited operations >, ⊥, → and 2. Clearly, A/P will also be a Magari
algebra. The mapping πP : x 7→ [x]P is called the canonical epimorphism
from A to A/P .
Every Magari algebra generated by X is isomorphic to a suitable quotient
algebra of a free algebra on X. The latter is defined as follows.
Let X be a set of propositional variables, and let L(X) be the language of
GL with the variables from X. Provable equivalence in GL induces an equivalence relation on the set of L(X)-formulas, and the resulting Lindenbaum
algebra obviously bears the structure of a Magari algebra:
2([ϕ]GL ) := [2ϕ]GL .
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We call this algebra free and denote it by Fr(X). Fr(n) and Fr(ω) denote,
respectively, free Magari algebras Fr(X) for X = {p0 , . . . , pn−1 } and X =
{pi : i ∈ ω}. Fr(0) is the Lindenbaum algebra of the letterless fragment of
GL.
Notice that 2-filters on Fr(X) can be identified with propositional modal
theories containing GL, that is, with sets of modal formulas containing all
theorems of GL and closed under the modus ponens and necessitation rules.
The rule of substitution is generally not admissible (otherwise a logician
would speak about a propositional logic, not a theory). In other words, in
this situation the elements of X are treated as propositional constants, not
as variables.
Thus, the quotient algebra of Fr(X) w.r.t. a 2-filter P is just the Lindenbaum Magari algebra of the propositional theory axiomatized by formulas
from P over GL. If A is generated by X, then there is a natural epimorphism π : Fr(X) → A which maps every formula from Fr(X) to the value
of the corresponding term in A. Then A will be isomorphic to the quotient
algebra Fr(X)/Pπ , where Pπ = {ϕ : A ² π(ϕ) = >}. We formulate this
simple but important fact as a separate proposition.
PROPOSITION 69. Every Magari algebra A generated by X is isomorphic
to the quotient algebra Fr(X)/P for a suitable 2-filter P . Equivalently, it
is isomorphic to the Lindenbaum Magari algebra of a propositional modal
theory P in L(X).
In this sense, speaking about Magari algebras is equivalent to speaking
about propositional theories. It is important to realize, however, that provability algebras coming from arithmetic lack natural systems of generators.
The only such system we can think of is just the set of all arithmetical
sentences. Thus, a transparent description of provability algebras as the
quotient algebras of free algebras is missing.

7.5

Subalgebras of free algebras

It is well known that any subgroup of a free group is free. Does the same
fact hold for Magari algebras? The answer is a definite NO. How can we
characterize such structures?
Here we consider finitely generated subalgebras of free Magari algebras.
Let A be a subalgebra of Fr(ω) generated by elements B1 (~q), . . . , Bn (~q),
where we assume that q1 , q2 , . . . are free generators of Fr(ω). We can look
at these formulas as defining a substitution σ : F m(~
p) → F m(~q) so that
σ(pi ) = Bi , for i = 1, . . . , n. Vice versa, any substitution of this kind defines
a subalgebra of Fr(ω).
The following theorem comes from [de Jongh and Visser, 1996] where the
corresponding fact was stated for subalgebras of free Heyting algebras. The
argument is based on the uniform interpolation theorem for GL [Shavrukov,
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1993b].
THEOREM 70. For every σ we can effectively find a formula Tσ ∈ F m(~
p)
such that A is isomorphic to Fr(~
p)/Tσ , that is, the quotient algebra of the
free algebra by the principal filter generated by Tσ .
Vn
Proof. Let Cσ (~
p, ~q) denote the formula i=1 ¡(pi ↔ Bi (~q)). By the substitution theorem, we have
GL ` Cσ (~
p, ~q) → (ϕ(B1 , . . . , Bn ) ↔ ϕ(p1 , . . . , pn )).
Therefore, we obtain
GL ` ϕ(B1 , . . . , Bn ) ⇐⇒ GL ` Cσ (~
p, ~q) → ϕ(~
p).
By the uniform interpolation theorem, from Cσ we can effectively construct
a formula Tσ (~
p) such that GL ` Cσ (~
p, ~q) → Tσ (~
p) and for any ϕ ∈ F m(~
p),
GL ` Cσ (~
p, ~q) → ϕ(~
p) ⇒ GL ` Tσ → ϕ(~
p).
Hence,
GL ` ϕ(B1 , . . . , Bn ) ⇐⇒ GL ` Tσ → ϕ(~
p),
as required.

¥

COROLLARY 71. The propositional theory of any finitely generated subalgebra of a free Magari algebra is finitely axiomatizable.
Notice that for each σ the formula Tσ is defined uniquely modulo provable
equivalence in GL. Formulas of the form Tσ are called exact in [de Jongh
and Visser, 1996]. This notion turns out to be equivalent to the notion of
projectivity introduced by [Ghilardi, 2000]. The following characterization
can be inferred from Ghilardi’s results (A. Visser, unpublished).
THEOREM 72. The following statements are equivalent, for any formula
ϕ:
(i) ϕ is exact;
(ii) ϕ has the extension property, that is, for every (non-rooted) model K
such that K ² ϕ, there is a model of ϕ obtained by just attaching a
new root to K;
(iii) ϕ satisfies the extension property for finite models.
S. Ghilardi also established that the exactness/projectivity property is
decidable.
Our next goal is the study of subalgebras of provability algebras. For this
we need yet another important general notion.
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Numerated and positive algebras

Provability algebras, consisting of (equivalence classes of) arithmetical formulas, bear a natural Gödel numbering that allows to speak about their
computational properties. This numbering is not one-to-one because every
element of MT corresponds to an infinite r.e. set of sentences. Yet, we can
call a subalgebra of MT r.e. if so is the set of all Gödel numbers of its
elements.
The notion of numerated algebra expresses on a more abstract level the
idea of an algebra endowed with a Gödel numbering. Numerated Magari
algebras can be defined as follows.
Assume A = hXi and |X| ≤ ω. Then Fr(X) is isomorphic to Fr(α) for
some α ≤ ω. An epimorphism π : Fr(α) → A is called a numeration of A.
We look at the elements of Fr(α) as the codes of the elements of A. Magari
algebras equipped with a numeration are called numerated. A numerated
algebra A is positive, if the associated theory Pπ = {ϕ : π(ϕ) = >} is r.e..
Notice that any provability algebra MT is a numerated Magari algebra in
the sense of the above definition: one considers all sentences as generators
of MT and maps pn to the arithmetical sentence with the Gödel number
n. Since we assume T to be r.e., MT is a positive algebra. Any finitely
generated subalgebra of a positive algebra is also positive. Any r.e. set of
sentences generates a positive subalgebra of MT .

7.7 Subalgebras of provability algebras
Shortly after the Solovay theorems were published several authors independently found an improvement, which has become known as the uniform Solovay theorem [Montagna, 1979; Artemov, 1979; Visser, 1980; Boolos, 1982;
Avron, 1984].
THEOREM 73. Suppose T has infinite characteristic. Then there is an
arithmetical realization f such that, for any modal formula ϕ,
GL ` ϕ ⇐⇒ T ` fT (ϕ).
Proof. The usual proof of this theorem applies the Solovay construction to
the Kripke model obtained by a disjoint union of all finite treelike models
and adding a new root 0 below them all. This model is infinite but converse
well-founded and can be elementarily represented in arithmetic. Any modal
formula not provable in GL is refuted at some node of this model. Therefore,
the associated Solovay function provides the required uniform realization f .
There is only one detail to be taken care of: T must prove that the
Solovay function has a limit. Since our model is infinite, this only works
for T containing IΣ1 . D. Zambella [Zambella, 1994] found (even in a more
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general situation) a modification of the Solovay construction which shows
that the theorem also holds for any T containing EA.
¥
Theorem 73 appears to be very natural from the algebraic point of view.
It is essentially equivalent to the following fact.
COROLLARY 74. If T has infinite characteristic, then Fr(ω) is embeddable
into MT , the provability algebra of T .
This leads one to a more general question, what kind of Magari algebras
are embeddable into MT . In view of Proposition 69 this problem is equivalent to the one about propositional theories P realizable in T . We say that
P is realizable in T , if for some arithmetical realization f ,
ϕ ∈ P ⇐⇒ T ` fT (ϕ).
An almost complete characterization of subalgebras of provability algebras
was obtained by V. Shavrukov [Shavrukov, 1993b]. D. Zambella (unpublished) later filled in the last remaining gap. He also extended Shavrukov’s
results to arbitrary extensions of EA [Zambella, 1994]. The most important
part of the above problem concerns positive Magari algebras or, equivalently,
r.e. propositional theories P .
A Magari algebra A has characteristic n, where 0 ≤ n < ∞, if n is the
minimal natural number such that A ² 2n ⊥ = >. If such an n does not
exist, we say that the characteristic of A is infinite. Notice that the characteristic of a provability algebra MT equals ch(T ). Also, all subalgebras
of any algebra have the same characteristic.
A has the strong disjunction property (s.d.p.), if > 6= ⊥ and
A ² 2ϕ ∨ 2ψ = >

⇒

A ² ϕ = > or A ² ψ = >.

If T is Σ1 -sound, MT and all of its subalgebras obviously satisfy s.d.p.
The same terminology applies to propositional theories, that is, we say
that a theory P has one of the above properties if the corresponding algebra
Fr(X)/P does.
V. Shavrukov [Shavrukov, 1993b] proved the following two theorems,
which together characterize r.e. subalgebras of any provability algebra.
THEOREM 75. Suppose T is Σ1 -sound. A is isomorphic to an r.e. subalgebra of MT iff A is positive and satisfies s.d.p.
THEOREM 76. Suppose T is not Σ1 -sound. A is isomorphic to an r.e.
subalgebra of MT iff A is positive and the characteristic of A equals ch(T ).
We sketch some ideas of the proofs of these theorems in the following
subsections. So far, only the “only if” parts of both theorems are clear.
First, we develop some understanding of the strong disjunction property.
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7.8

Strong disjunction property

Let P be a set of modal formulas. We write P ` ϕ if a formula ϕ is provable
from P and axioms of GL using modus ponens and necessitation rules. This
is another form of saying that ϕ belongs to the 2-filter generated by P in
Fr(ω). We say that K is a model of P if K ² ϕ for all ϕ ∈ P .
Let C be a finite set of formulas. A propositional theory P satisfies s.d.p.
for C if P 0 ⊥ and
P ` 2ϕ ∨ 2ψ ⇒ (P ` ϕ or P ` ψ),
for all formulas 2ϕ, 2ψ ∈ C.
THEOREM 77. Let P be a finite propositional theory. The following statements are equivalent:
(i) P has s.d.p.;
(ii) P has s.d.p. for the set of subformulas of P ;
(iii) any two finite Kripke models of P are embeddable into a model of P
as proper submodels.
Proof. The implications (i)⇒(ii) and (iii)⇒(i) are easy. We prove (ii)⇒(iii).
Let a pair of models K1 , K2 be given, and let C be the set of all subformulas of formulas in P . Consider the set
Q := {¬2ψ : K1 2 ψ or K2 2 ψ; 2ψ ∈ C}.
V
By s.d.p. of P , P 0 Q → ⊥. Hence, byVTheorem 2, there is a finite
Kripke model W such that W ² P and W ° Q.
Let W 0 be obtained by adding to W the models K1 and K2 immediately
above the root. By induction on ϕ one easily verifies that
W ° ϕ ⇐⇒ W 0 ° ϕ,
for any formula ϕ ∈ C.
0
Consider the case ϕ = 2ψ. If W 1
V 2ψ, then clearly W 1 2ψ. If
W ° 2ψ, then ¬2ψ 6∈ Q because W ° Q. Hence, by definition of Q, we
have K1 , K2 ² ψ. This implies W 0 ° 2ψ.
Thus, W 0 ° P and W 0 ² P .
¥
COROLLARY 78. The s.d.p. of a finitely axiomatized propositional theory
is decidable.
For infinite theories P we have the following characterization.
THEOREM 79. P satisfies s.d.p. iff for every ϕ such that P ` ϕ there is a
finite subtheory A of P such that A has s.d.p. and A ` ϕ.

PROVABILITY LOGIC

59

Proof. (⇐) Assume P ` 2ϕ ∨ 2ψ. Then for a suitable A we have A `
2ϕ ∨ 2ψ. Hence, A ` ϕ or A ` ψ and the same holds for P , since P ` A.
(⇒) Assume P enjoys s.d.p. and P ` ϕ. Let C be the set of all subformulas of ϕ. Consider the set PC := {ψ ∈ C : P ` ψ}. We claim that PC
has s.d.p. for C.
Indeed, if 2ψ1 and 2ψ2 are in C and PC ` 2ψ1 ∨ 2ψ2 , then P ` 2ψ1 ∨
2ψ2 , hence P ` ψ1 or P ` ψ2 . Since ψ1 , ψ2 ∈ C, we obtain ψ1 ∈ PC or
ψ2 ∈ PC , respectively.
From the previous theorem we conclude that PC has s.d.p. and satisfies
all the requirements.
¥
As an illustration we give an interesting example from [Shavrukov, 1993b].
Consider a set of propositional letters X = {pα : α ∈ Q}, where Q is the
linearly ordered set of rational numbers. Let a propositional theory Q be
given by the axioms
{3pα → 33pβ : α, β ∈ Q, α > β}.
One can show by a simple Kripke model argument that Q has s.d.p., in
fact, every fragment of Q in finitely many variables does. It follows that
Fr(X)/Q is embeddable into MT for any Σ1 -sound T . This means that
there is a family of Π1 -sentences — the interpretations of the formulas 3pα
— ordered as Q by the relation ‘ϕ proves the consistency of ψ over T ’,
a nontrivial fact earlier proved in [Simmons, 1988] by purely arithmetical
means.
This example shows that Shavrukov’s theorems are essentially about simultaneous arithmetical realization of infinite families of modal formulas.
In a sense, these results provide a generalization of Solovay’s theorems from
finite to infinite r.e. sets of formulas.

7.9 Proofs of Shavrukov’s theorems
Here we sketch main ideas of the proofs of Theorems 75 and 76. These proofs
have been greatly simplified by D. Zambella and we follow his presentation
very closely [Zambella, 1994]. To simplify things yet further and concentrate
on the essentials, we shall assume throughout this section that ch(T ) = ∞
and T contains IΣ1 .
We fix some natural Gödel numbering of modal formulas. To simplify the
notation, we shall essentially identify modal formulas and their codes and
incorporate the variables ϕ, ψ ranging over modal formulas into the language
of arithmetic. We shall also adopt the convention that these variables,
unless explicitly said otherwise or bound by quantifiers, denote the standard
formulas, that is, the numerals of their codes.
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Let P be an r.e. set of formulas. We call an elementary presentation of
P a ∆0 -formula “ϕ ∈ Pn ”, with the free variables n and ϕ, satisfying the
following conditions:
• ϕ ∈ P ⇐⇒ N ² ∃n “ϕ ∈ Pn ”;
• T ` ∀ϕ, n (“ϕ ∈ Pn ” → ϕ < n).

S
Thus, Pn denotes a finite part of P such that P = n≥0 Pn .
Formalizing in T the notion of derivability in GL we construct from an
elementary presentation of P a ∆0 -formula “Pn ` ϕ” naturally expressing
the statement Pn ` ϕ. “P ` ϕ” then stands for ∃x “Px ` ϕ” within T .
Once an elementary presentation of P is fixed, we say that P satisfies
s.d.p. provably in T if T proves
¬“P ` ⊥” ∧ ∀ϕ, ψ (“P ` 2ϕ ∨ 2ψ” → “P ` ϕ” ∨ “P ` ψ”).
The central part of the proof of both theorems is the following lemma.
LEMMA 80. Assume that ch(T ) = ∞. If P is elementary presented and
satisfies s.d.p. provably in T , then P is realizable in T .
From this lemma one obtains Theorems 75, 76 (for the case ch(T ) = ∞)
by modifying any given elementary presentation of an r.e. set P in such a
way that it becomes provably strongly disjunctive.
LEMMA 81. Assume that ch(T ) = ∞. Assume further that either P has
s.d.p., or T is not Σ1 -sound. Then there is an elementary presentation of
P for which P satisfies s.d.p. provably in T .
Notice that, if T is Σ1 -unsound, T can be made to think that P has
s.d.p., whereas in reality P need not satisfy this property. For the case of P
satisfying s.d.p. one can easily define such an elementary presentation using
an effective (elementary) version of Theorem 79: just enumerate P in such
an order that the finite subtheories Pn at all stages have s.d.p. We shall omit
a formal proof of Lemma 81, which is mainly technical, and concentrate our
attention on Lemma 80.
Proof. Assume a propositional theory P provably satisfying s.d.p. is given.
We shall define a Solovay-like function whose value h(n) is either 0 or the
code of a finite treelike model of Pm , for some m ≤ n. We identify now the
models and their codes and assume that submodels of a model have smaller
codes than the model itself. We write k1 ≺ k2 if k2 is a proper submodel of
the model k1 .
Fix a natural ∆0 -formula “k ° ϕ”, with the free variables k and ϕ,
expressing the validity of ϕ in a model (coded by) k. Assume that 0 is not
a code of a model and that “0 ° ϕ” never holds. For each ϕ define an
arithmetical sentence Sϕ as follows:
Sϕ = ∃k, m∀n ≥ m (h(n) = k ∧ “k ° ϕ”).
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Thus, the sentence Sϕ asserts that ϕ holds at the limit of h, essentially as
for the standard Solovay realization of ϕ. We also let S0 = (∀n h(n) = 0).
The elementary function h will be defined self-referentially by formalizing
the following definition.
Let h(0) = 0. If n codes a proof of S0 ∨ Sϕ for some formula ϕ, then
h(n + 1) is defined by the clauses:
(a) If h(n) = 0 and Pn 0 ϕ, then choose the minimal model k such that
k ² Pn and k 1 ϕ and put h(n + 1) = k.
(b) If h(n) = k 6= 0 and the root of some submodel of k forces ¬ϕ, then
let k1 be the minimal such submodel and put h(n + 1) = k1 .
(c) In all other cases let h(n + 1) = h(n).
One way of looking at the above function is to have in mind the Kripke
model consisting of all finite treelike models ordered by ≺ (and an attached
root 0). Notice that h is now defined in terms of the sentences Sϕ for
arbitrary formulas ϕ, not just for those corresponding to isolated nodes of
the model. Also, unlike in the original Solovay construction, h always tries
to jump to the highest possible node of the model falsifying a certain modal
formula.
With this in mind one observes that the behavior of h is similar to that
of the usual Solovay function above the root.
LEMMA 82. The following statements are provable in T :
(i) ∃z, m∀n > m h(n) = z;
(ii) ∀n, k (h(n) = k 6= 0 → ProvT (p∃m k̇ ≺ h(m)q)).
Proof. For (i) reason in IΣ1 as follows: either h stays in 0 for all n, or it
jumps. Using the Σ1 -least element principle pick the smallest model in the
range of h. By the upwards monotonicity, this model can only be its limit.
For (ii) notice that h jumps to a node k above 0 only in the case there is a
T -proof of S0 ∨Sϕ , for some formula ϕ that is false at k. By Σ1 -completeness,
h(n) 6= 0 implies ¬S0 and ProvT (p¬S0 q). Hence, ProvT (pSϕ q). But Sϕ
means that the limit of h forces ϕ, so it cannot be the same node as k and
is therefore a proper submodel of k.
¥
COROLLARY 83. S0 holds in the standard model.
Proof. We note that for any k 6= 0 there is an m (the height of k) such that
T ` ∃n h(n) = k̄ → (2m+1 ⊥)T .
This is easy to see from Lemma 82(ii) by a subsidiary induction on m. So,
if h(n) = k 6= 0, then T ` h(n̄) = k̄ and T ` (2m+1 ⊥)T contradicting the
assumption that ch(T ) = ∞.
¥
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Although from the point of view of the standard model h never leaves
0, T needs not see it. T only knows that the longer h stays at 0, the less
possible worlds of the model remain where it can jump to because such
nodes must validate ever larger fragments of P . So, in a sense, our model
shrinks with time as long as h(n) = 0.
LEMMA 84. T ` ∀n (h(n) = 0 ∧ “Pn ` ϕ” → Sϕ ).
Proof. By (a) of the definition of h, if h(n) = 0 and Pn ` ϕ, then h jumps
at stage n + 1 and h(m) will be a model of Pn for all m ≥ n + 1. Therefore,
for all such m, h(m) ° ϕ.
¥
To define the required realization f we first have to specify the validity
of modal formulas at the root 0 of the model in a suitable way. This will
be achieved by constructing an arithmetical formula Φ(x) satisfying the
requirements of the following lemma.
LEMMA 85. There is an arithmetical formula Φ such that for any (standard) modal formulas ϕ, ψ the following conditions hold provably in T :
(i) ¬Φ(⊥), Φ(>);
(ii) Φ(ϕ → ψ) ↔ (Φ(ϕ) → Φ(ψ));
(iii) “P ` ϕ” → Φ(ϕ);
(iv) Φ(2ϕ) → “P ` ϕ”.
For a moment we postpone the proof of this lemma. Having such a
formula Φ, we define the required arithmetical realization f as follows:
f (ϕ) := Sϕ ∨ (S0 ∧ Φ(ϕ)).
Here ϕ is any modal formula, in particular, a variable. To show that f
behaves like an arithmetical interpretation we prove
LEMMA 86. For all formulas ϕ, ψ the theory T proves:
(i) f (⊥) ↔ ⊥, f (>) ↔ >;
(ii) f (ϕ → ψ) ↔ (f (ϕ) → f (ψ));
(iii) f (2ϕ) ↔ ProvT (pf (ϕ)q).
Proof. The cases (i) and (ii) are easy. We prove (iii).
(→) Reasoning in T assume f (2ϕ). We shall consider two subcases
depending on whether S0 or ¬S0 holds.
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Assume S0 . Then f (2ϕ) is equivalent to Φ(2ϕ). By (iv) of the previous
lemma, we obtain P ` ϕ, therefore for some n, Pn ` ϕ. Since we assumed
S0 , h(n) = 0 and, by the provable Σ1 -completeness,
ProvT (ph(ṅ) = 0 ∧ “Pṅ ` ϕ”q).
From Lemma 82 we conclude that ProvT (pSϕ q) and ProvT (pf (ϕ)q).
Assume ¬S0 . Then f (2ϕ) implies S2ϕ , hence for some n, h(n) ° 2ϕ.
By our agreement on ° this means, in particular, that h(n) 6= 0. By the
provable Σ1 -completeness, we obtain ProvT (ph(ṅ) ° 2ϕq). Since h(n) 6=
0, by Lemma 82, T proves that the limit of h is a proper submodel of
h(n). This implies that ϕ holds in the limit of h, that is, ProvT (pSϕ q) and
ProvT (pf (ϕ)q).
(←) Assume ProvT (pf (ϕ)q) and S0 . We have ProvT (pS0 ∨ Sϕ q). Let
n be the code of a T -proof of S0 ∨ Sϕ . Since we assumed S0 , there holds
h(n) = 0. Then Pn ` ϕ, otherwise h would make a jump at stage n + 1
contradicting S0 . Thus, P ` ϕ and, by Lemma 85(iii), Φ(ϕ), which implies
f (2ϕ), as required.
Assume now ¬S0 . Again, let n be the code of a T -proof of S0 ∨ Sϕ large
enough to have h(n) 6= 0. If h(n) ° 2ϕ, then h(n + 1) = h(n), otherwise
h(n + 1) will be the least submodel of h(n) forcing ¬ϕ. In both cases we
have h(n + 1) ° 2ϕ. By monotonicity, this also implies that h(m) ° 2ϕ,
for all m ≥ n + 1, that is, S2ϕ . Hence, f (2ϕ) holds.
¥
COROLLARY 87. For any modal formula ϕ,
T ` f (ϕ) ↔ fT (ϕ).
Now we can easily prove that f realizes the propositional theory P .
LEMMA 88. For any modal formula ϕ, T ` fT (ϕ) iff P ` ϕ.
Proof. Assume P ` ϕ, then for some n, Pn ` ϕ. By Σ1 -completeness, we
obtain
T ` h(n̄) = 0 ∧ “Pn̄ ` ϕ”.
By Lemma 84, conclude that T ` Sϕ and hence T ` f (ϕ).
Vice versa, assume that T ` f (ϕ) and P 0 ϕ. Let n be the code of a
T -proof of S0 ∨ Sϕ . We obviously have Pn 0 ϕ, hence h(n + 1) 6= 0, which
is impossible in the standard model.
¥
Proof of Lemma 85. The proof is essentially a construction within T of a
maximal consistent set containing P ∪ {¬2ϕ : P 0 ϕ}. It is easy to see by
the s.d.p. of P that such a set exists (externally).
We shall deal with finite binary strings σ, τ , etc.; |σ| denotes the length
of σ; σ(i) is the i-the element of σ; σ <lex τ means that σ precedes τ
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lexicographically and |σ| = |τ |. We shall use the same notation within
arithmetic, assuming some natural elementary encoding.
For any string σ such that |σ| = n let Φσ denote the conjunction of
{ϕ : ϕ < n ∧ σ(ϕ) = 1} and {¬ϕ : ϕ < n ∧ σ(ϕ) = 0}. We define the
formulas V (σ) and U (σ) as follows:
V (σ) =

∀ψ (“P ` Φσ → 2ψ” → “P ` ψ”)

U (σ) =

V (σ) ∧ ∀τ (τ <lex σ → ¬V (τ )).

The formula Φ(ψ) is then defined by ∃σ (ψ < |σ| ∧ U (σ) ∧ σ(ψ) = 1).
Claim: for each n, T ` ∃σ (|σ| = n̄ ∧ V (σ)). Reasoning within T assume
that, for each string σ of length n, ¬V (σ). Then for any such
W σ there is a
formula ψσ such that P ` Φσ → 2ψσ and P 0 ψσ . Since |σ|=n Φσ is a
W
tautology, we infer P ` |σ|=n 2ψσ . By the (provable) s.d.p. of P , P ` ψσ
for some σ, a contradiction.
From the claim we also conclude that, for any n,
T ` ∃!σ (|σ| = n̄ ∧ U (σ)).

(2)

Indeed, since n is standard, the least element principle up to n reduces to
a tautology and is provable in T . The minimal string is obviously unique.
Now we check the properties (i)–(iv) of Φ.
(i) Assume Φ(⊥), then for some σ such that ⊥ < |σ| we have σ(⊥) = 1
and V (σ). But if σ(⊥) = 1, then Φσ ↔ ⊥, therefore P ` Φσ → 2⊥, so
V (σ) implies P ` ⊥, which is impossible by the s.d.p. The case Φ(>) is
treated similarly.
(ii) Assume Φ(ϕ) and Φ(ϕ → ψ). Let σ be a string longer than all of ϕ, ψ
and ϕ → ψ such that U (σ) holds. By the uniqueness of σ in (2), we must
have σ(ϕ) = σ(ϕ → ψ) = 1. But then necessarily σ(ψ) = 1, for otherwise
Φσ ↔ ⊥ and we get a contradiction in P as in (i).
Conversely, assume either ¬Φ(ϕ) or Φ(ψ). Again, let σ be long enough
so that σ(ϕ) = 0 or σ(ψ) = 1. In each case σ(ϕ → ψ) = 1, lest P should be
inconsistent.
(iii) Assume P ` ϕ. Let σ be longer than ϕ and U (σ). We show that
σ(ϕ) = 1. Suppose the contrary, then P ` Φσ → ¬ϕ and hence P ` Φσ →
⊥. From V (σ) it follows that P ` ⊥, which is impossible. Therefore, Φ(ϕ).
(iv) Assume Φ(ϕ) and let σ be a sufficiently long string such that U (σ)
and σ(2ϕ) = 1. Then tautologically P ` Φσ → 2ϕ. By the definition of
V (σ), P ` ϕ.
¥
This completes the proof of Lemma 80 and thereby the proof of Shavrukov’s theorems.
¥
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7.10 Arbitrary subalgebras
Shavrukov’s theorems characterize r.e. subalgebras of provability algebras.
Here we briefly consider the case of arbitrary subalgebras.
A countable algebra is called locally positive if it is numerated and each
one of its finitely generated subalgebras, with the induced numeration, is
positive. Dually speaking, a propositional theory P is called locally r.e.
if the fragment of P in the first n variables is r.e., for any n. Obviously,
any subalgebra of a positive algebra and thus, any subalgebra of a provability algebra, is locally positive. V. Shavrukov [Shavrukov, 1993b] gave an
example of a locally positive Magari algebra that is not positive. For Σ1 unsound theories local positivity, together with the obvious consideration
of the characteristic, turns out to be sufficient for the embeddability.
THEOREM 89. Suppose T is not Σ1 -sound. A countable Magari algebra
A is embeddable into MT iff A is locally positive and the characteristic of
A equals ch(T ).
A more important characterization of arbitrary subalgebras of Σ1 -sound
theories was given by D. Zambella (unpublished), but it is slightly less
elegant. We call a propositional theory P (and the corresponding quotient
algebra Fr(ω)/P ) uniformly s.d., if for every n ∈ ω there is a recursive
sequence of formulas Pn (m), m = 0, 1, . . . in the variables p0 , . . . , pn such
that
• {Pn (m) : n, m ∈ ω} axiomatize P ;
• Pn (m) has s.d.p.;
• Pn (m + 1) ` Pn (m);
• Pn+1 (m) ` Pn (m).
THEOREM 90 (Zambella). Let T be a Σ1 -sound theory. A is embeddable
into MT iff A is locally positive and uniformly s.d.

7.11 Isomorphisms of provability algebras
Having isolated an interesting class of algebraic structures mathematicians
often initiate the program of classifying all such structures modulo isomorphism: from a purely algebraic point of view isomorphic structures are the
same. Even when this task in its full extent happens to be too difficult, the
study can provide partial answers and useful insights into the structure of
individual algebras. In the case of provability algebras there is really not
much hope for any such classification. In this section we review what little
we know. To get some feeling of the matter we first discuss the relationships
between provability algebras and free Magari algebras.
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EXAMPLE 91. Let A be the free algebra on 0 generators, Fr(0), and let B
be the Magari algebra of all finite and cofinite subsets of natural numbers
ω with the standard boolean operations and the operation 2 defined as
follows:
2X = {x ∈ ω : ∀y ∈ ω (y < x ⇒ y ∈ X)}.
Recall that A is the Lindenbaum algebra of the letterless fragment of GL.
The notion of trace of a modal formula introduced in Section 2.7 defines
an isomorphism between A and B:
f : ϕ 7−→ ω \ tr(ϕ).
Indeed, the normal form theorem for letterless formulas (Theorem 15) shows
that f is a one-to-one and onto homomorphism.
From this example we can conclude that Fr(0) is not isomorphic to any
provability algebra MT , for T containing EA. One reason is that Fr(0) is
not dense (the formulas ¬Fn are the minimal elements above 0), whereas,
by Proposition 64, MT is. Of course, Fr(0) is naturally embeddable into
MT , for any T of infinite characteristic, as its prime subalgebra.
Free algebras on more than 0 generators do not have such a clear representation as in Example 91. There is a representation based on a universal
Kripke model as described, e.g., in [Rybakov, 1989; Artemov and Beklemishev, 1993; Grigolia, 1987]. However, this model is not as nice as the one
for Fr(0). It is well-known (see e.g. [Artemov and Beklemishev, 1993]) that
Fr(α) are not dense for α < ω, but Fr(ω) is.
PROPOSITION 92. None of the provability algebras MT is embeddable
into (let alone isomorphic to) a free algebra.
Proof. If ch(T ) < ∞, the algebra MT is clearly not embeddable into a free
one. If ch(T ) = ∞, we use the following observation: in MT there is an
element ϕ such that ϕ 6= ⊥ and ϕ ≤ 3n >, for all n.
If T is Σ1 -sound, one can simply take RFNΣ1 (T ) for ϕ. A little arithmetical fixed point argument works more generally. However, we would like
to apply the recently acquired heavy weaponry. Consider the propositional
theory P axiomatized by the formulas {p → 3n > : n < ω}. It is easy to
verify by a Kripke model argument that P (provably) satisfies s.d.p.. Hence,
by Shavrukov’s theorems, it is realizable in T . Let ϕ be the realization of
p.
Now we observe that in a free algebra such a ϕ cannot exist by the
following
Claim: if GL ` ϕ → 3n >, for each n, then GL ` ¬ϕ.
Indeed, if GL 0 ¬ϕ, then there is a finite model K such that K ° ϕ.
Let n be the height of K. Then K ° ϕ ∧ ¬3n+1 >, which contradicts our
assumption.
¥
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In contrast with the previous proposition, recall that by the uniform
Solovay theorem the free algebra Fr(ω) is embeddable into MT , if ch(T ) =
∞. The following interesting statement is a direct corollary of Shavrukov’s
theorems.
COROLLARY 93. If T and U are Σ1 -sound extensions of EA, then MT is
embeddable into MU .
Proof. Both algebras are positive and satisfy s.d.p..

¥

Thus, for example, MZF is isomorphic to a subalgebra of MPA , which
may seem rather puzzling at first sight. All provability algebras of Σ1 -sound
theories have the same subalgebras (modulo isomorphism).
V. Shavrukov [Shavrukov, 1993a] obtained the following beautiful result
that we regretfully must leave without a proof.
THEOREM 94. Let T and U be Σ1 -sound theories containing EA such that
U ` RFNΣ1 (T ). Then MT and MU are not isomorphic.
It follows, for example, that the provability algebras of EA, IΣ1 , PA, ZF,
etc., are all pairwise nonisomorphic. This theorem shows, once again, that
the notion of provability algebra is much richer than that of the Lindenbaum
boolean algebra. Its proof relies on the difference in the rate of growth of
provably total computable functions of the theories T and U and borrows
some ideas from the Blum complexity theory.
As a complement to Theorem 94, V. Shavrukov [Shavrukov, 1997a] also
obtained a positive result on the existence of isomorphisms between certain
provability algebras. We formulate it in a somewhat simplified form.
THEOREM 95. Assume that T and U contain IΣ1 and prove the same
boolean combinations of Σ1 -sentences. Assume further that this fact is provable both in T and in U . Then MT is (recursively) isomorphic to MU .
From this result one infers that the provability algebras for the following
pairs of theories are isomorphic: (PA, ACA0 ), (ZF, GB). The result also
holds, e.g., for the pair (PRA, IΣ1 ), although it is not covered by Theorem
95 as we formulated it. De facto, Theorem 95 holds for all extensions of EA
closed under the so-called Σ1 -collection rule, which includes all the ‘usual’
extensions of EA.
Finally, here is another relevant result of V. Shavrukov [Shavrukov, 1997a]
that will be useful in the next section.
THEOREM 96. Assume that T contains EA and ϕ is a sentence not equivalent to any boolean combination of Σ1 -sentences in T . Then there is an
isomorphism f : MT → MT such that f (ϕ) 6= ϕ.
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First order theories of provability algebras

Universal theory
Recall that the identities of provability algebras are described by the provability logics PLT (T ). More generally, we also have a nice characterization
of the set of universal formulas valid in MT , denoted Th∀ (MT ).
Any such formula has the form ∀~
p χ(~
p ), where χ(~
p ) is a boolean combination of term equalities of the form ϕi (~
p ) = ψj (~
p ). Given a realization f
of the variables p~,
MT ² ϕi (~
p ) = ψj (~
p ) ⇐⇒ N ² fT (2(ϕi (~
p ) ↔ ψj (~
p ))).
Therefore, MT ² ∀~
p χ(~
p ) iff N ² fT (χ̃(~
p )), for all realizations f , where
χ̃ denotes the result of replacing in χ every equality ϕi (~
p ) = ψj (~
p ) by
2(ϕi (~
p ) ↔ ψj (~
p )). Hence, we obtain the following result.
THEOREM 97. MT ² ∀~
p χ(~
p ) iff χ̃ ∈ PLT (TA).
Since all the truth provability logics are decidable, we obtain the following
corollary.
COROLLARY 98. If T is an elementary presented extension of EA, then
Th∀ (MT ) is decidable.
An example: admissible rules in PA
In perfect analogy with the definition of admissible rules in a propositional
logic L we now define propositional admissible rules in an arithmetical theory T . A inference rule
ϕ 1 , . . . , ϕn
(R)
ψ
is admissible in a T , if whenever T ` fT (ϕi ), for i = 1, . . . , n, there holds
T ` fT (ψ), for any realization f .
It is easy to see that any admissible rule in PA is also admissible in GL.
The converse is actually not true. We have the following straightforward
characterization.
PROPOSITION 99. A rule (R) is admissible in T iff
MT ² ∀~
p (ϕ1 (~
p) ∧ . . . ∧ ϕn (~
p) = > → ψ(~
p) = >).
Thus, admissibility of a rule in T is expressible by a particular universal
formula in MT . From the previous corollary we conclude that the admissibility of propositional inference rules in T is decidable and reducible to the
derivability in S, if T is sound.
COROLLARY 100. (R) is admissible in PA iff S ` 2ϕ1 ∧ . . . ∧ 2ϕn → 2ψ.
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Consider the following example (suggested by J. Joosten):
2p → 2⊥ 2¬p → 2⊥
⊥
.
This rule is admissible in GL because the two-element linear Kripke frame
shows that for no formula ϕ do we have
GL ` 3> → (3ϕ ∧ 3¬ϕ).
On the other hand, this rule is not admissible in PA. Substitution of the
well-known Rosser sentence for p makes both premises of the rule provable.
Alternatively, one can just check by a Kripke model argument that
S 0 [2(2p → 2⊥) ∧ 2(2¬p → 2⊥)] → 2⊥.
Full first order theory
For several years one of the major questions in the area was the problem
of the decidability of the full first order theory of the provability algebra of
PA. This theory can be perceived in two, obviously equivalent, ways.
First of all, it is the set of all first order formulas in the language of
Magari algebras that are valid in MPA . We can also look at it as at the set
of all valid second order propositional modal formulas with the following
restrictions on the occurrences of propositional quantifiers and modalities:
• no quantifier occurs within the scope of 2;
• no variable occurs outside the scope of 2.
Of course, the quantifiers range over arbitrary arithmetical sentences. For
example, the formula
∀p1 , p2 ∃q 2(2q ↔ (2p1 ∨ 2p2 ))
is valid in MT , for any T containing EA (this follows from the so-called
FGH-principle [Smoryński, 1981; Visser, 2002a]). Similarly, formula
∀p (3p → ∃q (¬2(p → q) ∧ ¬2(¬p → q)))
represents Rosser’s theorem for the theory T + p. We denote the first order
theory of MT by Th(MT ).
V. Shavrukov answered the main problem by the following remarkable
result [Shavrukov, 1997b] that also yielded solutions to a number of related
questions.
THEOREM 101. If ch(T ) = ∞ and T contains EA, then neither Th(MT ),
nor any of its subtheories is decidable.
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For Σ1 -sound theories T one has a considerable strengthening.
THEOREM 102. If T is a Σ1 -sound theory containing EA, then Th(MT )
is mutually interpretable with TA.
Since the interpretation constructed by Shavrukov does not actually depend on T , this yields the following corollary.
COROLLARY 103. For T a Σ1 -sound theory, Th(MT ) is not arithmetic.
The same holds for the first order theory of any collection of provability
algebras of such theories.
In particular, it would be hopeless to look for an r.e. axiomatization
of Th(MPA ). The proofs of these results are ingenious and technically
complicated. We will not go into them, but remark that the main idea
and difficulty in the proof was to find a first order definition of the set of
elements in MT that would allow to model the structure of natural numbers
(recall that the ordering of MT is dense!). This has been achieved by the
following lemma, which is interesting in its own right.
LEMMA 104. Suppose T is Σ1 -sound. There is a first order formula N (x)
in the language of Magari algebras such that, for any x ∈ MT ,
MT ² N (x) ⇐⇒ x ∈ {3nT > : n ∈ ω}.
With this lemma at hand, it is then relatively easy to show the undecidability of Th(MT ), e.g., by interpreting the theory of finite partial
orderings in it (see [Artemov and Beklemishev, 1993]). To interpret the
full true arithmetic in Th(MT ), however, some more powerful machinery
seems to be necessary. Here, Shavrukov’s theorems on the subalgebras of
MT provided a useful tool that allowed to give a short construction.
The proof of Theorem 101 in full generality bears on the same technical
ideas, but is more involved. V. Shavrukov showed how to directly simulate
Minsky’s monogenic normal canonical systems within MT . One important
corollary of Lemma 104 is a strengthening of Theorem 94 stating that certain
provability algebras are not elementary equivalent.
THEOREM 105. Let T and U be Σ1 -sound theories containing EA such
that U ` RFNΣ1 (T ). Then there is a formula ϕ such that ϕ ∈ Th(MT ) and
ϕ 6∈ Th(MU ).
For the record we also mention some results on first order theories of
Magari algebras that have been obtained prior to Shavrukov’s.
[Montagna, 1980] and [Smoryński, 1982] showed that the first order theory of the class of all Magari algebras (and any subtheory of this theory) is
undecidable.
[Artemov and Beklemishev, 1993] investigated first order theories of free
algebras. It turns out that Th(Fr(0)) is decidable and, in fact, is mutually
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interpretable with the weak monadic second order theory of the linear ordering of ω. The interpretation is essentially provided by the isomorphism
of Fr(0) and the algebra of finite and cofinite subsets of ω. It is known
by A. Meyer [Meyer, 1975] that the decision procedure for the theory in
question cannot be elementary. The theories Th(Fr(α)) for α > 0 are all
undecidable.
There are many questions about first order theories of provability algebras that are still open. For example, we do not know if the ∀∃- and
∀∃∀-fragments of Th(MPA ) are decidable. From Shavrukov’s proof of Theorem 101 it only follows that the ∀∃∀∃-fragment is undecidable. We also
know very little about definable elements of MPA . Of course, the elements
of its prime subalgebra are definable. Since definable elements cannot be
moved by automorphisms, from Theorem 96 we immediately conclude that
sentences not equivalent to boolean combinations of Σ1 -sentences cannot be
definable. The situation with the rest of the elements of MPA is unknown.
It is also open, whether the provability algebras of PA and PA + Con(PA)
are isomorphic.
8

BIMODAL AND POLYMODAL PROVABILITY LOGIC

An obvious way to increase the expressive power of modal language is to
consider several interacting provability operators, which naturally leads to
bi- and polymodal provability logic. In this section we overview this large
and non-uniform area.
Perhaps, the most natural provability interpretation of polymodal language is the understanding of modalities as provability predicates in some
elementary presented theories containing EA. A modal description of two
such provability predicates is, in general, already a considerably more difficult task than a characterization of each one’s provability logic. There is
no single system that can be justifiably called the bimodal provability logic
— rather, we know particular systems for different natural pairs of theories,
and none of those systems occupies any privileged place among the others.
Numerous isolated results accumulated in this area, so far, give us little information as to a possible general classification of bimodal provability logics
for pairs of (sound) r.e. theories. This problem is one of the major remaining
open problems in provability logic.
On a par with the interpretation of modalities as the usual provability
predicates we consider some interpretations, where modalities correspond to
more general provability-like concepts of essentially semantical nature. For
example, we consider the predicates of n-provability expressing the provability from the set of all true Πn -sentences. The corresponding polymodal
logic, formulated by G. Japaridze, appears to be particularly useful for the
applications in proof theory (see Section 10). It seems at present that further
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applications will require more work to be done on the polymodal analysis of
the other strong, that is, not r.e. provability concepts, such as ω-provability
in the second-order arithmetic and validity in particular classes of models
of set theory.
In addition to the studies of the usual and strong provability predicates,
a considerable amount of work has been done on studying interaction of the
provability operator with some exotic provability concepts, such as Rosser’s
provability predicate, Feferman’s provability predicate, and some others.
These results can also be coached in terms of bimodal logic. Below we
overview some of these developments as well.

8.1

Bimodal logics for pairs of r.e. theories

The language L(2, 4) of bimodal provability logic is obtained from that of
propositional calculus by adding two unary modal operators 2 and 4. Let
(T, U ) be a pair of elementary presented theories and let f be an arithmetical
realization (cf. Section 3.3). An arithmetical interpretation fT,U (ϕ) of a
formula ϕ w.r.t. (T, U ) translates 2 as provability in T and 4 as that in U :
fT,U (2ϕ) = ProvT (pfT,U (ϕ)q),

fT,U (4ϕ) = ProvU (pfT,U (ϕ)q).

The provability logic for (T, U ) is the collection of all L(2, 4)-formulas
ϕ such that T ∩ U ` fT,U (ϕ), for every arithmetical realization f . It is
denoted PLT,U . In general, similarly to the unimodal case, one can consider
bimodal provability logics for (T, U ) relative to an arbitrary metatheory V .
PLT,U (V ) is the set of all formulas ϕ such that V ` fT,U (ϕ), for every
arithmetical realization f . Thus, PLT,U corresponds to V = T ∩ U .
Basic bimodal logic
Basic work on bimodal provability logic has been done by C. Smoryński and
T. Carlson [Smoryński, 1985; Carlson, 1986]. Not too much can a priori be
said about PLT,U , for arbitrary T and U . Firstly, PLT,U is closed under modus ponens, substitution, 2- and 4-necessitation rules.12 Secondly,
PLT,U has to be an extension of the following bimodal logic CS:
Axioms:

(i) schemes of GL for 2 and for 4;

(ii) 2ϕ → 42ϕ;
(iii) 4ϕ → 24ϕ.
Rules: modus ponens, ϕ/2ϕ, ϕ/4ϕ.
12 Notice that neither PL
T,U (T ) nor PLT,U (U ) will in general be closed under both
necessitation rules.
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Arithmetical soundness of CS is expressed by
PROPOSITION 106. For any theories T , U one has CS ⊆ PLT,U (EA).
Proof. The validity of (ii) and (iii) is just a consequence of provable Σ1 completeness and the fact that both provability predicates are Σ1 .
¥
Carlson models
Suitable Kripke-style models for CS are introduced by the following definition.
DEFINITION 107. A Carlson model K = (K, M0 , M1 , ≺, °) is a usual
Kripke model (K, ≺, °) for GL equipped with two distinguished subsets
M0 , M1 ⊆ K. The forcing of bimodal formulas on K is defined according
to the following clauses:
1. x 1 ⊥, x ° >;
2. x ° ϕ → ψ ⇐⇒ (x 1 ϕ or x ° ψ);
3. x ° 2ϕ ⇐⇒ ∀y ∈ M0 (x ≺ y ⇒ y ° ϕ);
4. x ° 4ϕ ⇐⇒ ∀y ∈ M1 (x ≺ y ⇒ y ° ϕ).
As usual, we write K ² ϕ, if x ° ϕ, for each x ∈ K.
Obviously, CS is sound with respect to Carlson models. The standard
canonical model construction followed by a filtration and unravelling argument yields the following completeness result (see [Smoryński, 1985]).
THEOREM 108. The following statements are equivalent:
(i) CS ` ϕ;
(ii) K ² ϕ, for each Carlson model K;
(iii) K ² ϕ, for each finite Carlson model K.
COROLLARY 109. CS is decidable.
Arithmetical completeness of CS
[Smoryński, 1985] showed that CS is, indeed, the minimal bimodal provability logic, that is, coincides with PLT,U for a certain pair of finite extensions
T, U of Peano arithmetic. [Beklemishev, 1992] proved that there is a pair of
provability predicates for Peano arithmetic itself such that the corresponding bimodal provability logic coincides with CS. Such predicates can be
called independent in the sense that they ‘know’ as little about each other
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as is possible in principle. However, neither the theories in Smoryński’s example, nor the independent provability predicates are natural — they are
constructed by tricky diagonalization. Thus, we are in the curious situation
where the bimodal logic CS, which structurally occupies a privileged place
among the provability logics, does not correspond to any (known) natural
pair of theories.
THEOREM 110 (Smoryński). Let V be a Σ1 -sound theory. There is a pair
(T, U ) of finite extensions of V such that
PLT,U = PLT,U (V ) = CS.
Proof. Consider a translation (·)∗ of the language L(2, 4) into L(2, c0 , c1 )
that preserves variables and boolean connectives and satisfies
(2ϕ)∗ = 2(c0 → ϕ∗ );

(4ϕ)∗ = 2(c1 → ϕ∗ ).

Here c0 and c1 are propositional variables that do not occur in the language
L(2, 4).
We claim: CS ` ϕ ⇐⇒ GL ` ϕ∗ , for any formula ϕ ∈ L(2, 4).
Indeed, the implication (⇒) is easy to check by induction on the length
of a derivation in CS. For a proof of (⇐) one argues by contraposition.
If CS 0 ϕ then there is a Carlson model K such that K 2 ϕ. Define
x ° c0 ⇔ x ∈ M0 and x ° c1 ⇔ x ∈ M1 . This makes K a Kripke model for
L(2, c0 , c1 ) falsifying ϕ∗ (2 corresponds to the accessibility relation on K)
and proves our claim.
By the uniform arithmetical completeness theorem (Theorem 73) we obtain a realization f such that for any formula ϕ ∈ L(2, c0 , c1 ),
GL ` ϕ ⇐⇒ V ` fV (ϕ).
Let T := V + fV (c0 ) and U := V + fV (c1 ). This agrees with the translation
(·)∗ , that is,
V ` fT,U (ϕ) ↔ fV (ϕ∗ ),
so we obtain
CS 0 ϕ ⇒ GL 0 ϕ∗ ⇒ V 0 fV (ϕ∗ ) ⇒ V 0 fT,U (ϕ).
This proves PLT,U (V ) = CS.
For the same theories (T, U ) we also have PLT,U = CS because
ϕ ∈ PLT,U

⇐⇒

(2ϕ ∧ 4ϕ) ∈ PLT,U (V )

⇐⇒
⇐⇒

CS ` 2ϕ ∧ 4ϕ
CS ` ϕ.
¥
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Types of bimodal provability logics
Deeper structural information on bimodal provability logics is provided
by the Classification theorem for arithmetically complete unimodal logics.
With every (normal) bimodal logic L containing CS we can associate its
type:
(L)2 := {ϕ ∈ L(2) : L ` 4ϕ}.
It is obvious that (L)2 contains GL and is closed under modus ponens and
substitution rules. Under the assumption of Σ1 -soundness of V we obviously
have:
PLT (U ) = (PLT,U (V ))2 .
The Classification theorem shows that not every extension of GL is materialized as the type of a bimodal provability logic and gives us a description
of all such possible types: GLα , GL−
β , Sβ , Dβ , α, β ⊆ ω, ω \ β finite. The set
α also has to be r.e. because we assume U to be an r.e. theory. Indeed, the
set of all formulas Fn such that U ` FnT is r.e. and therefore so is α.
Natural bimodal provability logics
Apart from the above general observations, a number of particular bimodal
provability logics for natural pairs of theories is known. These logics cover
most of the examples of pairs of arithmetical theories that come to mind,
but, unfortunately, are far from being an exhaustive list of all bimodal
provability logics.
The best known system is the logic PLPA,ZF characterized by [Carlson,
1986] and independently (with a different interpretation in mind) by [Montagna, 1987b].13 This logic can be axiomatized over CS by the principle of
essential reflexivity
ER : 4(2ϕ → ϕ).
A pair (T, U ) is called an essentially reflexive extension, if U proves the
local reflection principle for T . (In this case U also necessarily contains
T .) Further examples of essentially reflexive extensions are: (IΣ1 , PA),
(ACA0 , ACA), etc. Here ACA denotes the second order arithmetic with
arithmetical comprehension and full induction and ACA0 is ACA with the
induction formulated as a single axiom.
In the following we shall denote by L⊕A the closure of a normal (bimodal)
logic L and an axiom schema A by modus ponens, substitution and both
necessitation rules.
THEOREM 111 (Carlson). PLT,U = CS ⊕ ER, whenever the theories T, U
are sound and (T, U ) is an essentially reflexive extension.
13 It does not really matter here that PA and ZF are officially formulated in different
languages. We may just assume that PA is interpreted into the language of ZF.
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Thus, CS ⊕ ER is the only bimodal provability logic of type S and a
maximal among the bimodal logics for pairs of sound elementary presented
theories.
An extended treatment of PLPA,ZF is given in [Smoryński, 1985]. Suitable
Kripke models for this logic are developed in [Visser, 1995].
Below we deal with more general extensions, that is, pairs of theories
(T, U ) such that U provably contains T . If (T, U ) is an extension, then
PLT,U (EA) satisfies the additional monotonicity principle
M:

2ϕ → 4ϕ.

CS together with the monotonicity axiom will be denoted CSM.14 Notice
that M follows from ER over CS. CSM is sound and complete with respect
to (finite) Carlson models K for which M0 = K.
Now we describe two natural bimodal provability logics of type D, introduced in [Beklemishev, 1996]. The first one corresponds to pairs of theories
(T, U ) such that U is a finite extension of T and proves the local Σ1 -reflection
principle for T . Typical examples are the pairs (EA, EA+ ), (IΣm , IΣn ), for
n > m ≥ 1, (PA, PA + RFNΣ1 (PA)), etc. The logic can be axiomatized over
CSM by the schema
ECΣ :

4(2σ → σ),

σ ∈ Σ,

where Σ denotes the set of all (possibly empty) disjunctions of formulas of
the form 2ψ and 4ψ.
THEOREM 112. If U ` RfnΣ1 (T ) and U is a sound finite extension of T ,
then PLT,U = CSM ⊕ ECΣ .
CSM ⊕ ECΣ is the minimal bimodal provability logic of type D containing
M. Indeed, if PLT (U ) = D, then U proves the local Σ1 -reflection principle
for T , by Corollary 52. Hence, PLT,U (EA) must also satisfy ECΣ .
Another bimodal logic of type D corresponds to Π1 -essentially reflexive
extensions of theories of bounded arithmetical complexity. An extension
(T, U ) is called Π1 -essentially reflexive, if U ` RfnΣ1 (T +ϕ) whenever U ` ϕ.
Thus, a Π1 -essentially reflexive extension is never finite.
Examples of such extensions among fragments of PA are: (EA, PRA),
−
(IΣn , IΣR
n+1 ), for n ≥ 1, (EA, IΣ1 ), etc. The logic can be axiomatized over
CSM by the schema
ERΣ :

4ϕ → 4(2(ϕ → σ) → σ),

σ ∈ Σ.

THEOREM 113. If U is a sound and (provably) Π1 -essentially reflexive
extension of T of bounded arithmetical complexity, then PLT,U = CSM ⊕
ERΣ .
14 CSM

also stands for Carlson–Smoryński–Montagna as suggested by A. Visser.
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Obviously, ERΣ implies ECΣ . We do not know whether CSM ⊕ ERΣ is the
maximal among all bimodal provability logics of type D containing CSM.
Nor do we have examples of provability logics strictly between CSM ⊕ ECΣ
and CSM ⊕ ERΣ .
Let us now turn to the provability logics of type GLω . Two such logics for
natural pairs of theories were described in [Beklemishev, 1994]. They both
concern Π1 -axiomatized extensions of theories, that is, when U is obtained
from T by adding Π1 -axioms only (and this fact is verifiable). Then PLT,U
contains an additional principle
P:

4ϕ → 2(4⊥ ∨ ϕ)

which follows from provable Σ1 -completeness.
Similarly to the proof of Smoryński’s theorem one can establish that
CSM ⊕ P is the bimodal provability logic for a suitably general Π1 -axiomatized extension. CSM ⊕ P is complete with respect to Carlson models satisfying additional requirements that M0 = K and M1 is downwards closed
[Beklemishev, 1994].
Let us call an extension (T, U ) infinitely confident, if U proves k-times
iterated consistency for T , for each k ≥ 0. This essentially means that
U believes that T has infinite characteristic. For such extensions PLT (U )
contains GLω and PLT,U (EA) satisfies the additional principle
IC :

4¬2n ⊥,

for all n ≥ 1.

THEOREM 114. If U is sound, infinitely confident, Π1 -axiomatized and
finite extension of T , then PLT,U = CSM ⊕ P ⊕ IC.
Here are some typical examples of such pairs of theories: (PA, PA +
Con(ZF)), (IΣ1 , IΣ1 + Con(IΣ2 )), etc.
The second system corresponds to (provably) reflexive Π1 -axiomatizable
extensions, such as (PA, PAω ) or (IΣ1 , IΣ1 + {Con(IΣn ) : n ≥ 1}). An
extension (T, U ) is called reflexive, if U ` Con(T + ϕ) whenever U ` ϕ.
Notice that every reflexive extension is infinitely confident and cannot be
finite.
This logic can be axiomatized over CSM ⊕ P by the reflexivity axiom
R:

4ϕ → 43ϕ.

THEOREM 115. If U is a sound, Π1 -axiomatized and provably reflexive
extension of T , then PLT,U = CSM ⊕ P ⊕ R.
A remarkable property of the last logic is that it is the supremum of
all provability logics for infinitely confident Π1 -axiomatized extensions of
theories. Thus, all such logics lie between CSM ⊕ P ⊕ IC and CSM ⊕ P ⊕ R.
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M
ER
ECΣ
ERΣ
P
IC
R
ConsB
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Axiom
2ϕ → 4ϕ
4(2ϕ → ϕ)
4(2σ → σ), where σ ∈ Σ
4ϕ → 4(2(ϕ → σ) → σ),
where σ ∈ Σ
4ϕ → 2(4⊥ ∨ ϕ)
{4¬2k ⊥ : k < ω}
4ϕ → 43ϕ
4β → 2β, where β ∈ B

Examples
general extensions
(PA, ZF); (IΣn , PA)
(IΣn , IΣn+1 )
(EA, PRA); (IΣn , IΣR
n+1 )
Π1 -axiomatized extensions
(EA, EA + Con(IΣ1 ))
(IΣ1 , IΣ1 + {Con(IΣn ) : n < ω})
(PRA, IΣ1 ), (IΣR
n , IΣn )

Table 1. Bimodal provability logic axioms
We also know that there really are some provability logics between these
two [Beklemishev, 1994].
Finally, we describe yet another natural system of type GL formulated in
[Beklemishev, 1996] that corresponds to finite extensions of theories of the
form (T, T + ϕ), where both T + ϕ and T + ¬ϕ are (provably) conservative
over T w.r.t. boolean combinations of Σ1 -sentences. Examples of such pairs
15
are (PRA, IΣ1 ), (IΣR
n , IΣn ), for n ≥ 1, and many others.
This logic is axiomatized over CSM by the schema
ConsB :

4β → 2β,

β ∈ B,

where B denotes the set of boolean combinations of formulas of the form
2ψ and 4ψ.
THEOREM 116. Assume both T + ϕ and T + ¬ϕ are provably conservative
over T for boolean combinations of Σ1 -sentences and U = T + ϕ is sound.
Then PLT,U = CSM ⊕ ConsB .
The six bimodal logics described above essentially exhaust all nontrivial
cases, currently known, for which natural provability logics are explicitly
characterized.
Remarks
1. It is worth mentioning that all these systems are decidable, and a
suitable Kripke-style semantics is known for each of them.
The logics CS, CSM and CSM ⊕ P are complete w.r.t. simple classes of
Carlson frames and enjoy the finite model property. All the other considered
logics do not behave as nicely.
15 These conservation results are known to be provable in EA+ but not in EA (see
Section 10.1). However, EA+ is much weaker than T for most of such examples.
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CSM ⊕ P ⊕ IC is complete for a natural class of infinite Carlson frames
(satisfying the condition that M1 is downward closed and every point in M1
has infinite depth). All such frames are infinite and the logic, obviously,
does not satisfy the finite model property.
The other logics, such as CSM ⊕ ER and CSM ⊕ ECΣ , are not complete
for any class of standard Kripke frames. This might have been a serious
obstacle. Nonetheless, there are translations of these logics to CSM similar
to those of the systems S and D to GL. This provides for all such systems
a decision procedure and allows for an arithmetical completeness proof in
the style of Solovay.
On the other hand, [Visser, 1995] devised a nice generalized Kripke semantics for CSM ⊕ ER which is sufficiently well-behaved though the models
are infinite.
[Wolter, 1998] studied extensions of CSM using the notion of subframe
logic. In particular, he showed that every finitely axiomatizable subframe
logic containing CSM is decidable (see also [Chagrov et al., 2001]). These
methods may become useful for a solution of the general Classification problem for bimodal provability logics.
2. The arithmetical completeness proofs in each case are obtained by
suitable modifications of the Solovay construction. Essentially, every theorem of this kind requires a new modification. In such constructions the
techniques of D. Guaspari and P. Lindström of constructing partially conservative sentences are very useful [Guaspari, 1979; Lindström, 1984].
3. In all the considered cases of natural bimodal logics we also know the
truth provability logic PLT,U (TA). It is axiomatized by closing PLT,U and
the soundness schema 4ϕ → ϕ under modus ponens and substitution.
This relationship cannot, however, hold in general. Consider, e.g., a Π1 axiomatized extension of theories that is reflexive but not provably so. Then
the reflexivity axiom belongs to PLT,U (TA) but not to PLT,U .
4. In general, the picture of bimodal provability logics for pairs of r.e.
theories still has many white spots. For example, we do not know the
axiomatizations of the logics for natural Π1 -conservative extensions such
as (EAω , EA+ ) or (IΣ1 + {Con(IΣn ) : n < ω}, PA). The logics of pairs of
−
R
incomparable fragments of PA such as (IΣ1 , IΠ−
2 ) or (IΣ2 , IΠ2 ) have never
been investigated.
An important subproblem of the general classification problem for bimodal provability logics is to characterize all such logics for the most common types, such as D and GLω .
Polymodal provability logic
Most of the results in bimodal provability logic can be generalized to polymodal logic. Such a generalization is particularly natural in the modallogical study of progressions of theories — a topic in proof theory that goes
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as far back as the work [Turing, 1939]. From the modal logical point of
view, however, such a generalization, in all known cases, does not lead to
essentially new phenomena compared to the bimodal logics, therefore we
shall not go into any details here.
Polymodal analogues are known for natural provability logics due to Carlson and Beklemishev. Here, the modal operators correspond to theories
of the original Turing–Feferman progressions of transfinitely iterated reflection principles and, thus, are indexed by ordinals of some constructive
system of ordinal notation, say, the natural one up to ²0 . Iterating full
reflection leads to the polymodal analogue of PLPA,ZF , and transfinitely
iterated consistency leads to a natural polymodal analogue of provability
logics of type GLω . Successor ordinals correspond to finitely axiomatized
extensions and limit ordinals to reflexive extensions (see [Beklemishev, 1991;
Beklemishev, 1994]).

8.2 Logics with propositional constants
Some of the results on bimodal logics described in the previous section can
be extended to the so-called provability logics with propositional constants.
Let L(2, ~c) be the language of GL equipped with a tuple ~c = (c0 , . . . , cn )
of new propositional constants. Fix an interpretation of ~c by choosing a
~ = (A0 , . . . , An ). Given a realization f ,
tuple of arithmetical sentences A
the arithmetical interpretation fT (ϕ) of a formula ϕ ∈ L(2, ~c) is defined
as usual, except that we stipulate that fT (ci ) = Ai for each i ≤ n. The
provability logic PLT,A~ (U ) is defined as the set of all L(2, ~c)-formulas that
are provable in U under every realization f . We let PLT,A~ be PLT,A~ (T ).
Obviously, the propositions ~c in PLT,A~ (U ) really behave as constants: the
logic is, in general, not closed under the rule of substitution of formulas for ~c.
However, it is closed under the substitution rule for the other propositional
variables of the language.
Provability algebraic view
Describing propositional logics with constants is very close to describing
universal types in the provability algebras. PLT,A~ represents the set of
terms ϕ(~c, p~ ) such that, in the provability algebra of T , there holds
~ p~ ) = >.
MT ² ∀~
p ϕ(A,
~ in the provability algebra MT is the set
The universal type of a tuple A
of all universal formulas, in the language of MT enriched by the constants
~ In particular, this set
~c, that are true under the interpretation of ~c as A.
contains PLT,A~ . The universal types can be exactly characterized in terms
of provability logics as follows (compare with Theorem 97).
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Let χ(~c, p~ ) be a quantifier-free formula in the language of MT with distinguished parameters ~c. Let χ̃ be defined as in Theorem 97.
~ p~ ) iff χ̃ ∈ PL ~ (TA).
PROPOSITION 117. MT ² ∀~
p χ(A,
T,A

We say that a universal formula ∀~
p χ(~c, p~ ) is realizable in MT , if MT ²
∃~c ∀~
p χ(~c, p~ ). Hence, effectively describing realizable universal formulas is
equivalent to deciding the ∃∀-fragment of MT . If one obtains a sufficiently
effective classification of provability logics with constants, that would presumably imply a decision procedure for Th∃∀ (MT ).
Natural logics with constants
We know the characterizations of several natural provability logics with
constants. These cases mainly correspond to finite extensions for which we
already know the bimodal provability logics. Thus, we know the axiomatizations (and decision procedures), in particular, for the following logics: the
logic of IΣn with a constant for IΣn+1 , the logic of IΣ1 with a constant for
Con(PA), the logic of PRA with a constant for IΣ1 . These are representative examples of the broader classes of pairs (theory, constant) with the same
logics, corresponding to Theorems 112, 114, and 116. We refrain from presenting the axiomatizations here, but refer the reader to [Beklemishev, 1994;
Beklemishev, 1996].
Another interesting case has been considered by [Visser, 1992], who characterized the letterless (or, rather, the variable-free) fragment of PLS2 ,exp ,
where S2 is Buss’ bounded arithmetic [Buss, 1986; Buss, 1998] and exp is
the axiom stating the totality of the exponentiation function. This example
is interesting because we do not know whether the usual provability logic
PLS2 (S2 ) coincides with GL.
Translating polymodal logics
The bimodal logics PLT,U and PLT,U (V ), where T and U are finite extensions of a given theory V , can be considered as fragments of PLV,A0 ,A1 formulated in the language with two additional constants c0 , c1 for the axioms
A0 of T and A1 of U . As in the proof of Theorem 110 one can define a translation (·)∗ by specifying (2ϕ)∗ := 2(c0 → ϕ∗ ) and (4ϕ)∗ := 2(c1 → ϕ∗ ).
PROPOSITION 118. ϕ ∈ PLT,U (V ) iff ϕ∗ ∈ PLV,A0 ,A1 .
A strong similarity between Kripke models for GL(c0 , c1 ) and Carlson
models suggests that, in fact, not too much information is being lost by going
from a provability logic with constants to its bimodal fragment. Thus, the
problem of classifying polymodal logics and the one of classifying provability
logics with constants are very close to each other. However, technically
speaking, they seem to be incomparable questions. Polymodal logic allows
to speak about non-finitely axiomatizable extensions of theories, whereas
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the language with constants is more expressive in the finitely axiomatizable
case.
Variable-free fragments
More information on bimodal provability logics can be extracted from the
description of subalgebras of provability algebras. Assume for simplicity
that T is a Σ1 -sound theory. Shavrukov’s theorem characterizes all possible
variable-free fragments of the logics PLT,A~ as those propositional theories in
the language with constants ~c that are r.e. and satisfy the strong disjunction
property. Thus, any propositional theory satisfying these broad conditions
~ (Notice that in this case we only
corresponds to some choice of sentences A.
deal with finitely generated subalgebras.)
The variable-free fragments of bimodal provability logics are, therefore,
the fragments of such propositional theories obtained via the translation
(·)∗ .
THEOREM 119. Let P be a variable-free theory in the language L(2, 4). P
is the variable-free fragment of PLT,U (V ) for some (finite) extensions (T, U )
of a Σ1 -sound theory V iff P is r.e. and satisfies the following disjunction
property: for any finite set S of formulas of the form 2ϕ or 4ψ,
P ²

W

S

⇒

∃σ ∈ S P ² σ.

This observation is due to the second author jointly with A. Visser and
has not been published.

8.3

Strong provability predicates

Apart from describing the joint behavior of two ‘usual’ provability predicates, each of which alone being well enough understood, bimodal logic has
been successfully used for the analysis of some strong, that is, non-r.e. concepts of provability. The notion of n-provability will be especially useful for
us in Section 10, where we discuss applications in proof theory. Therefore,
we shall slow down and present a few more details on it here.
n-Provability and n-Consistency
Let T hΠn (N) denote the set of all true arithmetical Πn -sentences. A theory
T is called n-consistent if T + T hΠn (N) is consistent. If T is elementary
presented, the theory U ≡ T + T hΠn (N) will generally not be r.e., but it
can be presented by the Πn -formula
AxU (x) := (AxT (x) ∨ TrueΠn (x)),
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where TrueΠn (x) is a truth-definition for Πn -sentences in EA. The corresponding n-provability predicate and n-consistency assertion,
n-ProvT (x) := ProvU (x)

and

n-Con(T ) := Con(U ),

will have arithmetical complexity Σn+1 and Πn+1 , respectively.
For n = 0 these concepts coincide with the usual ones for T . For brevity,
we write [n]T ϕ for n-ProvT (pϕq) and hniT ϕ for ¬[n]T ¬ϕ or, equivalently,
n-Con(T + ϕ). Thus, [n]T ϕ asserts that ϕ is provable from the axioms of T
and some true Πn -sentences.
Many properties of n-provability and n-consistency are very similar to
those of the usual provability predicate.
PROPOSITION 120 (provable Σn+1 -completeness). For any Σn+1 -formula
σ(x1 , . . . , xn ) with exactly the variables x1 , . . . , xn free
EA ` σ(x1 , . . . , xn ) → [n]T σ(ẋ1 , . . . , ẋn ).
PROPOSITION 121. The n-provability predicate [n]T satisfies Bernays–
Löb derivability conditions:
L1. T + T hΠn (N) ` ϕ ⇐⇒ EA + T hΠn (N) ` [n]T ϕ;
L2. EA ` [n]T (ϕ → ψ) → ([n]T ϕ → [n]T ψ);
L3. EA ` [n]T ϕ → [n]T [n]T ϕ.
The following useful lemma shows that n-consistency assertions are equivalent to uniform reflection principles for T (see Section 4.2).
PROPOSITION 122 (Reflection). Over EA,
n-Con(T ) ≡ RFNΠn+1 (T ).
Proof. Recall that RFNΠn+1 (T ) is the schema
{∀x(2T ϕ(ẋ) → ϕ(x)) : ϕ ∈ Πn+1 }.
(⇒) If ϕ(x) ∈ Πn+1 , then ¬ϕ(x) implies [n]T ¬ϕ(ẋ), by Σn+1 -completeness. Therefore, 2T ϕ(ẋ) implies [n]T (ϕ(ẋ) ∧ ¬ϕ(ẋ)), that is, [n]T ⊥.
(⇐) If [n]T ⊥, then for some true π ∈ Πn , 2T ¬π, by formalized Deduction
theorem. Take ϕ(x) := ¬TrueΠn (x) so that
EA ` π ↔ TrueΠn (pπq).
We have 2T ϕ(pπq) but ¬ϕ(pπq).

¥
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Japaridze logic
[Smoryński, 1985] observed that the logic of the n-provability predicate
coincides with GL. The proof literally follows the one of Solovay’s theorem.
Japaridze logic is the polymodal logic of n-provability predicates for all
n’s taken together. Consider the propositional language with the modalities
[0], [1], [2], etc. Let f be an arithmetical realization. The arithmetical
interpretation fT (ϕ) of a formula ϕ in this language under the realization
f is defined as usual, except that now we require, for each n ∈ ω, that
fT ([n]ψ) = n-ProvT (pϕq).
The system GLP introduced in [Japaridze, 1988; Japaridze, 1986] is given
by the following axioms and rules of inference.
Axioms:

(i) Axioms of GL for each operator [n];

(ii) [m]ϕ → [n]ϕ, for m ≤ n;
(iii) hmiϕ → [n]hmiϕ, for m < n.
Rules: modus ponens, ϕ ` [n]ϕ.
THEOREM 123 (Japaridze). For any sound theory T containing EA and
any polymodal formula ϕ,
GLP ` ϕ ⇐⇒ T ` fT (ϕ),

for any realization f .

Originally, G. Japaridze formulated this result for a somewhat different
interpretation of modalities [n]. The history is as follows.
[Boolos, 1980] undertook a modal investigation of the concept of ωprovability, the notion dual to the Gödel’s notion of ω-consistency, and
observed that its logic coincides with GL. ω-provability can be described as
the provability in arithmetic by one application of ω-rule, that is, provability
in the theory
T 0 := T + {∀xϕ(x) : ∀n T ` ϕ(n̄)}.
[Japaridze, 1986] made a great step forward by characterizing the bimodal
logic of provability and ω-provability for PA. In fact, he formulated the
polymodal logic GLP with the interpretation of [1], [2], etc., as provability
in PA closed under 1, 2, etc. nested applications of the ω-rule, that is,
provability in PA0 , PA00 , etc.
Although provability in T 0 is rather similar to 1-provability, it is not
the same notion. [Smoryński, 1977a] showed that ω-consistency of T is
equivalent to the statement RFNΠ3 (T + RFN(T )), which is much stronger
than 1-consistency of T . In fact, by Proposition 122, 1-Con(T ) is equivalent
to RFNΠ2 (T ). The quantifier complexity of the ω-provability predicate is
Σ3 .
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Later [Ignatiev, 1993a] simplified Japaridze’s work and thoroughly investigated modal logical properties of GLP. He observed that Japaridze’s theorem holds under more general assumptions than originally stated. In particular, GLP was proved to be arithmetically complete for the n-provability
interpretation and, more generally, for the interpretation of [n] as arithmetical predicates satisfying some sufficiently broad assumptions. (We refer the
reader to [Ignatiev, 1993a] for an accurate formulation of these assumptions.)
Yet another interpretation of GLP was considered in [Boolos, 1993], who
proved that the bimodal fragment of GLP is complete with respect to the
interpretation of [1] as the Π11 -complete predicate of provability under the
ω-rule in second-order arithmetic. The proof essentially followed Ignatiev’s
one.
Japaridze’s logic is decidable and enjoys a reasonable Kripke semantics.
The situation here is similar to that with the other bimodal provability
logics such as CSM ⊕ ER. GLP is not, per se, Kripke complete. However, it
has a simple translation into a weaker logic GLP− , obtained from GLP by
replacing axioms (ii) by the weaker principle
[m]ϕ → [n][m]ϕ,

for m ≤ n.

GLP− is already sound and complete with respect to a nice class of (finite)
Kripke frames.
GLP enjoys the Craig interpolation property and the fixed point property [Ignatiev, 1993a]. More importantly, Ignatiev also found normal forms
for letterless formulas in GLP which play a significant role in our Section 10.
A very readable treatment of Japaridze’s logic is given in [Boolos, 1993], so
we omit any further details here. For the mentioned applications in proof
theory only the soundness part of Theorem 123 will be essential. The soundness of GLP directly follows from Σn+1 -completeness of [n]T (Axiom (iii))
and the derivability conditions (Axioms (i) and (ii)).
Other strong provability concepts
The extension of methods introduced in Section 10 to the proof-theoretic
analysis of theories stronger than PA may require the study of yet stronger
provability-like concepts.
Provability of ϕ in T can also be understood as the statement that ϕ
is valid in all models of T . If T is expressive enough to formalize the
notion of a model within its own language, we can look at 2 in this modeltheoretic way. This approach is especially useful in set theory, where one also
considers various specific classes of models and the corresponding reflection
principles. Set-theoretic reflection principles also play a significant role in
modern proof-theoretic ordinal analysis, see [Pohlers, 1998; Rathjen, 1994;
Rathjen, 1999].
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By and large, this area of potential interest is still unexplored from the
viewpoint of provability logic. A few first steps, however, have been taken
as early as in 1975 by (guess whom?) R. Solovay. He has characterized the
logics resulting from the interpretation of 2ϕ as ϕ is valid in all transitive
models of ZF and ϕ is valid in all universes Vα , for α inaccessible. The
proofs have appeared for the first time in [Boolos, 1993].
Both logics happen to be normal extensions of GL. The first one is axiomatized over GL by the principle
I:

2(2ϕ → 2ψ) ∨ 2(2ψ → ¡ϕ).

This logic is characterized by the (finite) Kripke frames (K, ≺) for GL that
are converse prewellorders in the sense that
∀x, y, z ∈ K (z ≺ x ⇒ z ≺ y or y ≺ x).
The second logic is axiomatized over GL by the linearity principle
J:

2(2ϕ → ψ) ∨ 2(¡ψ → ϕ),

which is characterized by Kripke frames (K, ≺) that are finite strict linear
orders (or, more generally, converse well-orders).
We refer the reader to [Boolos, 1993] for further details.

8.4 Unusual provability concepts
Along with the bimodal study of the natural provability predicates, several
researchers undertook a bimodal analysis of some unusual, or even pathological, provability concepts. Rosser and Feferman provability predicates
are well-known technical tools in the study of incompleteness in arithmetic.
Studies of these and similar notions by means of bimodal logic were mainly
motivated by their curious, somewhat human-like, self-correcting behavior. There were also some modest technical uses, related to the properties
of interpretability, which were later essentially overshadowed by the interpretability logic.
[Visser, 1989] was an influential paper that brought to life a host of these
‘smart children of Peano’ and stimulated further work [Shavrukov, 1991;
Shavrukov, 1994]. There were some precursors to that paper, though, most
notably [Montagna, 1978; Guaspari and Solovay, 1979; Montagna, 1987b].
Genuine arithmetical completeness results in this area are rare, mostly
because nearly all of the unusual provability concepts suffer from the lack
of robustness. In other words, the modal properties of these concepts are
dependent on minor details of the Gödel numbering or ordering of proofs.
(Some examples to that effect are given below.) Therefore, the authors
mainly concentrated on partial systems and purely syntactic uses of modality [Visser, 1989; Smoryński, 1985]. Yet, there are a few successes that are
described below.
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Rosser’s provability predicate
Using the work [Guaspari and Solovay, 1979], V. Shavrukov [Shavrukov,
1991] found a complete axiomatization of the bimodal logic of the usual
and Rosser’s provability predicate for Peano arithmetic. We say that a
sentence ϕ is Rosser provable if there is a proof of ϕ such that there is no
proof of ¬ϕ with a smaller Gödel number. Formally,
2R ϕ := ∃y (Prf PA (y, pϕq) ∧ ∀z < y ¬Prf PA (z, p¬ϕq)).
Rosser provability has been invented in a classical paper [Rosser, 1936] in
order to strengthen Gödel’s first incompleteness theorem to arbitrary consistent theories containing PA. Externally, since PA is consistent, a sentence
is provable in PA iff it is Rosser provable. However, provable properties of
the Rosser provability predicate are very much different from those of the
natural provability predicate. For example, Rosser’s consistency of PA is a
provable fact and Rosser’s provability predicate is not, in general, provably
closed under modus ponens.
The following principles axiomatize the joint logic of the usual 2 and
Rosser’s 2R provability predicates, which is called GR by V. Shavrukov.
Axioms:

(i) axiom schemes of GL for 2;

(ii) 2R ϕ → 2ϕ;
(iii) 2ϕ → 22R ϕ;
(iv) 2ϕ → (2⊥ ∨ 2R ϕ);
(v) 32R ϕ → 3ϕ.
Rules: modus ponens, ϕ/2ϕ, 2ϕ/ϕ.
It was already mentioned above that nonstandard concepts of provability
are, as a rule, very unstable. Slight variations of, say, the Gödel numbering of proofs may result in great changes of the Rosser provability logic
principles. For example, one can construct a provability predicate for PA,
provably equivalent to the usual one, such that the corresponding Rosser’s
provability satisfies the GR-unprovable principle
2R (ϕ → ψ) → (2R ϕ → 2R ψ).
Thus, GR actually axiomatizes the minimal set of principles shared by all
Rosser’s provability predicates satisfying some reasonable assumptions. V.
Shavrukov proves an analog of the uniform arithmetical completeness theorem for GR showing that there is a particular Rosser’s provability predicate
whose logic is GR.
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Guaspari–Solovay logic
The logic of Rosser provability can be seen as a fragment of the provability
logic with witness comparison earlier introduced in [Guaspari and Solovay,
1979]. In their very insightful paper, Guaspari and Solovay enriched the
language of GL by new connectives ≺ and ¹ to allow formulas of the form
2ϕ ≺ 2ψ and 2ϕ ¹ 2ψ. The intended arithmetical interpretation of
these formulas are statements there is a proof of ϕ such that no proof of ψ
has a smaller or equal (resp., smaller) Gödel number. Thus, 2R ϕ can be
expressed by 2ϕ ¹ 2¬ϕ.
[Guaspari and Solovay, 1979] characterized the minimal set R of principles
of 2, ≺, ¹ shared by all reasonable provability predicates. The system R is
extensively treated in [Smoryński, 1985], therefore we do not present any
further details here. One remark, however, is in order.
The conditions on the class of provability predicates considered in [Guaspari and Solovay, 1979] are less restrictive than those from [Shavrukov,
1991]. Indeed, any proof predicate satisfies either 2(> ∧ >) ¹ 2(> ∨ >) or
2(> ∨ >) ¹ 2(> ∧ >). Neither principle, of course, belongs to R. Therefore
R, unlike GR, cannot be the logic of any single proof predicate. Moreover,
the arithmetical completeness proof of [Guaspari and Solovay, 1979] requires
the use of multi-conclusion proof predicates, a property that is not shared
by the usual proof predicate.
In this sense, the arithmetical completeness result for GR is stronger than
the one we have for the richer language of R. On the other hand, if one is
mainly interested in purely syntactical uses, R appears to be more convenient. It allows to formalize a number of standard arithmetical arguments
involving fixed points (see [Smoryński, 1985]).
Feferman’s provability predicate
In order to examine conditions necessary for the validity of Gödel’s second
incompleteness theorem, [Feferman, 1960] introduced another pathological
provability predicate for PA. It also turned out to be a very useful technical
tool in the study of interpretability.
S Let PA ¹ n denote a sequence of finite subtheories of PA such that PA ≡
n≥0 PA ¹ n. We say that a sentence ϕ is Feferman provable, if for some n
such that PA ¹ n is consistent, PA ¹ n ` ϕ. Feferman’s provability predicate
2F is just a formalization of this statement.
It is obvious that, externally, a sentence is Feferman provable iff it is
provable in PA. This is not obvious from the point of view of PA, though,
because PA easily proves its own Feferman consistency.
For most of the known technical applications of the Feferman provability
the choice of a specific sequence of finite subtheories PA ¹ n is immaterial.
However, the logic and certain results on the number of fixed points heavily
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depend on such a choice [Smoryński, 1989].
[Shavrukov, 1994] considered the sequence PA ¹ n := IΣn and showed
that this sequence allows for a nice axiomatization of the bimodal logic of
the natural and the Feferman provability predicates. The logic turns out
to be decidable. The arithmetical completeness proof in this case is based
on a modification of the Solovay construction similar to the one used in
interpretability logic [Berarducci, 1990; Visser, 1991; Japaridze, 1994].
Some other neglected children
Shavrukov’s work on Feferman predicate was preceded by [Visser, 1995],
a paper that appeared in 1987 in the form of a preprint. Apart from the
development of Kripke semantics for bimodal logics, in that paper the concept of provability in PA from ‘non-standardly finitely many’ axioms was
bimodally characterized. The resulting system can be obtained from CSM
by adding the axiom schema
4ψ ∧ ¬2ψ → 4(2ϕ → ϕ)
and, thus, is akin to CSM ⊕ ER.
Another interesting proof predicate was considered by [Lindström, 1994].
Say that a sentence ϕ is Parikh provable, if it is provable in PA together with
the inference rule 2ψ/ψ, where 2 is the usual provability in PA. Clearly,
the Parikh rule is conservative over PA, so externally Parikh provability
coincides with the usual one. Moreover, it is r.e. and satisfies Bernays–
Löb derivability conditions. However, [Parikh, 1971] showed that this rule
shortens some proofs in a non-provably recursive manner. Therefore, Parikh
provability is not provably equivalent to the usual one. [Lindström, 1994]
showed that the bimodal logic of the usual 2 and Parikh provability 4 is
axiomatized over CSM by
4ϕ ↔ 42ϕ.
Additional early results in bimodal logic, e.g., a bimodal analysis of the
so-called Mostowski operator, can be found in [Smoryński, 1985].
9 PROVABILITY LOGIC IN INTUITIONISTIC ARITHMETIC
A challenging remaining problem in provability logic is the characterization of the propositional provability logic for Heyting arithmetic, HA. This
problem is one of the main concerns for the Dutch school of provability logic
from the end of the 70’s (see, e.g., [Visser, 1981]). Indeed, the provability
logic properties of intuitionistic and constructive provability turn out to be
more complicated than those of the classical provability.
Although a solution of this problem, so far, has proved to be rather
elusive, a significant amount of effort has been invested to this area and
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interesting partial results have been found there, in particular, in the recent
years. Here we quickly review main developments in this fascinating field.
We presuppose some familiarity with the intuitionistic logic and its Kripke
models.

9.1

Intuitionistic arithmetic: background

Heyting arithmetic HA is the intuitionistic counterpart of PA. In other
words, it can be axiomatized exactly as PA over the intuitionistic predicate
calculus IQC. Intuitionistic versions of the other arithmetical theories can
be formulated similarly. The axiomatization should, however, be chosen
carefully: e.g., the least element principle intuitionistically implies the law
of excluded middle. Also, we do not have prenex normal form theorem for
IQC. The prenex formula classes Πn and Σn , in general, are intuitionistically
too restrictive. See [Burr, 2000] for an attempt to define proper intuitionistic
analogues of these classes. Yet, the theories such as iEA and iIΣ1 are wellbehaved and roughly relate to their classical counterparts as HA to PA. Here,
‘i’ indicates that the underlying logic is the intuitionistic one, whereas the
nonlogical axioms of these systems are the same as those in the classical
case.
See [Troelstra, 1973; Troelstra and van Dalen, 1988] for standard sources
on intuitionistic metamathematics.
The usual process of arithmetization of syntax is constructive and therefore can be carried out in iEA. In particular, the provability predicate for
HA or, for that matter, for any other elementary presented theory T , can
be formulated as a Σ1 -formula. Moreover, this formula satisfies the usual
Löb’s derivability conditions within iEA.
The definitions of provability interpretation and of provability logic of a
theory w.r.t. a metatheory carry over without any change. PLHA (HA) will
denote the provability logic of Heyting arithmetic that we are particularly
interested in.

9.2

Some valid principles

It is not difficult to convince oneself that, once we have the derivability
conditions, the proof of the fixed-point lemma, and therefore that of Löb’s
theorem, can be carried out in iEA. Consequently, the logic PLT (iEA), and
hence also PLT (HA), contains the axioms and rules of GL formulated over
the intuitionistic propositional logic IPC. We denote this basic system by
iGL.
It was immediately clear that PLHA (HA) satisfies some additional principles. A number of such independent principles were found by [Visser,
1981].
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EXAMPLE 124. HA is closed under the so-called Markov’s rule (see [Troelstra, 1973]):
HA ` ¬¬π ⇒ HA ` π,
where π is a Π2 -formula. This can be proved constructively using the socalled Friedman–Dragalin translation. Thus, a proof of this fact can be
formalized in HA itself, therefore PLHA (HA) contains the principle
2¬¬2ϕ → 22ϕ.
A more general provable form of the same principle is as follows:
Wn
Wn
Ma : 2¬¬(2ψ → i=1 2ϕi ) → 2(2ψ → i=1 2ϕi ).
EXAMPLE 125. The disjunction property for HA is the statement that,
whenever HA ` ϕ ∨ ψ, one has HA ` ϕ or HA ` ψ. This can be written
down as
DP : 2(ϕ ∨ ψ) → 2ϕ ∨ 2ψ.
However, [Friedman, 1975b] has shown that the proof of disjunction property cannot be formalized in HA itself. In fact, this property is equivalent
over iEA, assuming Con(HA), to RFNΣ1 (HA). Even if one restricts the attention to the local (or sentential) disjunction property, it is not formalizable
in HA.
Let ρ be the Rosser sentence for HA, that is,
iEA ` ρ ↔ ∃x (Prf HA (x, pρq) ∧ ∀y ≤ x ¬Prf HA (x, p¬ρq)).
We also let ρ⊥ denote
∃x (Prf HA (x, p¬ρq) ∧ ∀y < x ¬Prf HA (x, pρq)).
Then
HA ` 2HA 2HA ⊥

→

2HA (ρ ∨ ρ⊥ )

→

2HA ρ ∨ 2HA ρ⊥ ,

→

2HA ⊥,

assuming DP

which contradicts Löb’s Theorem.

Hence, the formula DP does not belong to PLHA (HA), but it does belong
to PLHA (HA + RFNΣ1 (HA)).
EXAMPLE 126. The previous example has been repaired by D. Leivant
who found a weakening of the disjunction property that was already provable
in HA:
Le : 2(ϕ ∨ ψ) → 2(2ϕ ∨ ψ).
This principle was formulated by D. Leivant in his Ph.D. thesis, for a proof
of this fact see [Visser, 2002b].
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Partial completeness results

As it was mentioned above, the analog of Solovay’s theorem for HA is unknown. For all we know, the logic PLHA (HA) may even be Π2 -complete.
However, partial arithmetical completeness results for some, rather weak,
fragments of the modal logic language are known. Basically, there are three
meaningful fragments of PLHA (HA) that have been characterized: the boxfree fragment, the ‘admissible rules’ fragment and the letterless fragment.
De Jongh theorem
In contrast with the classical provability, already the characterization of the
2-free fragment of PLHA (HA) constitutes an important nontrivial result
known as de Jongh’s theorem [de Jongh, 1970; Smoryński, 1973].
THEOREM 127 (de Jongh). For any formula ϕ of IPC,
IPC ` ϕ ⇐⇒ ϕ ∈ PLHA (HA).
In fact, D. de Jongh proved a much stronger result for the predicate
intuitionistic logic IQC, not just for IPC. A number of different proofs and
strengthenings of this theorem have been found since, for an overview see
[Visser, 1999].
In particular, [Friedman, 1975c] obtained a result analogous to the uniform Solovay theorem. He showed that the free Heyting algebra on countably many generators is embeddable into the Lindenbaum Heyting algebra
of HA. Later A. Visser [Visser, 1985; de Jongh and Visser, 1996] optimized
the logical complexity of the embedding by showing that the generators
can be chosen to be Σ1 -sentences. We call an arithmetical realization f a
Σ1 -realization if f (p) ∈ Σ1 for each propositional letter p.
THEOREM 128 (Friedman, Visser). There is a Σ1 -realization f such that
IPC ` ϕ ⇐⇒ HA ` f (ϕ),
for any formula ϕ of IPC.
Analogs of de Jongh’s theorem also hold for the provability logics of HA
plus the extended Church thesis ECT0 and some other systems [Gavrilenko,
1981; Visser, 1981].
Admissible rules
Recall that a propositional inference rule ϕ/ψ is admissible in a logic L, if
for every substitution σ of formulas of L for propositional variables, we have
L ` σ(ϕ) ⇒ L ` σ(ψ).
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Similarly, the rule is admissible in an arithmetical theory T if, for every
realization f ,
T ` f (ϕ) ⇒ T ` f (ψ).
The simplest example of a (nontrivial) admissible rule in IPC is the independence of premise rule:
IP: IPC ` ¬ϕ → ψ ∨ θ ⇒ IPC ` (¬ϕ → ψ) ∨ (¬ϕ → θ).
A well-known result obtained in [Rybakov, 1984; Rybakov, 1997] is that
the property of a rule being admissible in IPC is decidable. [Visser, 1999]
showed that the propositional admissible rules for HA are the same as those
for IPC. (In contrast, recall that in Section 7.12 we showed that the modal
admissible rules of PA are not the same as those of GL.)
It is clear that any admissible propositional inference rule ϕ/ψ in HA
(equivalently, IPC) delivers a principle of the provability logic PLHA (TA) of
the form
2ϕ → 2ψ.
(∗)
The question is whether such principles also belong to PLHA (HA). Recently
this question has been answered affirmatively; here is the story.
Although V. Rybakov proved that the set of admissible rules for IPC
does not have a finite basis, A. Visser and D. de Jongh suggested an infinite
(elementary) set of specific provably admissible rules and conjectured that
it essentially constitutes an axiomatization of the set of all admissible rules.
Building on the work [Ghilardi, 1999], R. Iemhoff [Iemhoff, 2001b] proved
the conjecture of A. Visser and D. de Jongh, thus characterizing the set of
all admissible rules of IPC. From the characterization by R. Iemhoff and the
results by A. Visser it also follows that all admissible rules in IPC are HAprovably admissible in HA. Therefore, any principle of the form (∗), where
the rule ϕ/ψ is admissible in IPC, belongs to PLHA (HA) and vice versa, if
a formula of the form 2ϕ → 2ψ where ϕ and ψ are box-free belongs to
PLHA (HA), then the rule ϕ/ψ is (provably) admissible in IPC.
Letterless fragment
A. Visser [Visser, 1985; Visser, 2002b] proved that the letterless fragment of
PLHA (HA) is decidable. Essentially, he proved a (weak) normal form result
for letterless formulas in PLHA (HA). Define 2∞ ⊥ := >.
THEOREM 129 (Visser). For any letterless formula ϕ, one can effectively
find an α ∈ ω ∪ {∞} such that
HA ` 2HA ϕHA ↔ 2α
HA ⊥.
For any letterless formula ϕ we have
HA ` ϕHA ⇐⇒ HA ` 2HA ϕHA .
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Therefore, we can decide if ϕ ∈ PLHA (HA) by bringing 2ϕ to the form 2α ⊥
and checking if α = ∞ (the formulas 2n ⊥ for n < ∞ are never provable
because they are false).
COROLLARY 130. The letterless fragment of PLHA (HA) is decidable.
The proof of Visser’s theorem contains two essential ingredients. The
first one is an algorithm of bringing ϕ to a formula in a special no-nestedimplications-on-the-left (NNIL) form. The role of such formulas is best to
be understood in terms of admissible rules for Σ1 -realizations, as explained
below. The second ingredient is a special Gödel-style translation that we
call Beeson–Visser translation. It will be dealt with in the section devoted
to the proof of Visser’s theorem. Further, we survey the results on general admissible rules for HA and IPC and the corresponding fragment of
PLHA (HA) in Section 9.8.

9.4

Admissible rules for Σ1 -realizations

[Visser, 1985; Visser, 2002b] studied the provability logic of HA under the
arithmetical realizations f such that f (p) is a Σ1 -formula, for any propositional variable p. We call such realizations Σ1 -realizations. This restriction
is sufficiently natural because Σ1 -sentences are ‘constructive’. It also turned
out to be technically useful, in particular, in the study of the letterless fragment of PLHA (HA).
The notion of Σ1 -realization is intrinsically linked with the notion of
a NNIL-formula. NNIL-formulas are those formulas of IPC that have no
nestings of implications on the left. Formally, NNIL is the minimal class of
formulas containing propositional letters, ⊥, >, and closed under ∧, ∨ and
the following formation rule:
ϕ is implication-free and ψ ∈ NNIL ⇒ (ϕ → ψ) ∈ NNIL.
As usual, ¬ϕ is understood as an abbreviation for ϕ → ⊥.
It is not difficult to verify that there are at most finitely many nonequivalent NNIL-formulas in n variables. A natural semantic characterization of NNIL-formulas was obtained by A. Visser and with a different proof
by J. van Benthem (see [Visser, 1994; Visser, 2002b; Visser et al., 1995]).
THEOREM 131. Let ϕ be an IPC-formula. The following statements are
equivalent:
(i) ϕ is equivalent to a NNIL-formula.
(ii) For every Kripke model K ° ϕ and every subset M ⊆ K, if M is the
restriction of K to M , then M ° ϕ.
The next theorem is a central result on NNIL that has several applications
in arithmetic. In particular, it gives a description of propositional admissible

PROVABILITY LOGIC

95

rules in HA for Σ1 -realizations. The theorem was proved by A. Visser as
early as in 1985, but the journal publication has only recently appeared in
[Visser, 2002b]. A proof consists of an algorithm of bringing a given formula
ϕ to a NNIL-form, eventually decreasing the number of nested implications
on the left, while preserving the admissible consequence relation.
THEOREM 132. For every IPC-formula ϕ we can effectively find a NNILformula ϕ] such that
ϕ] ` ψ ⇐⇒ ϕ/ψ is an admissible rule in HA for Σ1 -realizations,
in other words, ϕ] ` ψ iff for every Σ1 -realization f ,
HA ` f (ϕ) ⇒ HA ` f (ψ).
Notice that the rule ϕ/ϕ] is admissible for Σ1 -realizations and ϕ] is
uniquely defined up to logical equivalence.
COROLLARY 133. Admissibility of a rule under Σ1 -realizations in HA is
decidable.
From the proof of Theorem 132 one can conclude that any admissible rule
for Σ1 -realizations is also provably admissible. (See also Section 9.8 below.)
So, one can infer some additional principles for the provability logic of HA.
Indeed, if ϕ is any formula of IPC and ϕ◦ denotes the result of replacing all
variables pi occurring in ϕ by 2pi , then the formula
2ϕ◦ → 2(ϕ] )◦
belongs to PLHA (HA).
EXAMPLE 134 ([Visser, 1981]). Using the algorithm from the proof of Theorem 132 one observes that (¬¬p → p)] is p ∨ ¬p. (One could also independently conclude this using the Friedman–Dragalin translation.) Therefore,
we have within HA:
2(¬¬2ϕ → 2ϕ) → 2(¬2ϕ ∨ 2ϕ)
→ 2(2¬2ϕ ∨ 2ϕ)
→ 2(2⊥ ∨ 2ϕ)
→ 22ϕ.

by Leivant’s principle

So, the following is a principle of PLHA (HA):
2(¬¬2ϕ → 2ϕ) → 22ϕ.
Now we turn to the Beeson–Visser translation.
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9.5

HA∗ and Beeson–Visser translation

In many results on the provability logic of HA another intuitionistic theory,
called HA∗ , plays a role. HA∗ is simpler than HA in many respects. On the
other hand, it is sufficiently conservative over HA, so the results obtained
for HA∗ can sometimes be transferred to HA.
Behind HA∗ hides a rather natural translation, akin to Gödel’s, that was
suggested in [Beeson, 1975] and further simplified in [Visser, 1982]. For any
formula ϕ of HA, let ϕ2 be defined as follows.
(i) ϕ2 = ϕ, if ϕ is an atomic formula of HA;
(ii) (·)2 commutes with ∧, ∨, ∃;
(iii) (ϕ → ψ)2 = 2HA (ϕ2 → ψ 2 ) ∧ (ϕ2 → ψ 2 );
(iv) (∀x ϕ(x))2 = 2HA (∀x ϕ2 (x)) ∧ ∀x ϕ2 (x).
To have some feeling about working of this translation we note the following property.
LEMMA 135. For any HA-formula ϕ, HA ` ϕ2 → 2HA ϕ2 .
Proof. This is an easy induction on the build-up of ϕ.
For atomic formulas the claim is obvious. If ϕ is an implication or begins with a universal quantifier, the statement follows from the clauses (iii)
and (iv). In all other cases, an application of the induction hypothesis is
sufficient. For example, (ϕ ∨ ψ)2 implies ϕ2 ∨ ψ 2 , hence 2ϕ2 ∨ 2ψ 2 and
2(ϕ2 ∨ ψ 2 ).
¥
LEMMA 136. For any formula σ ∈ Σ1 , HA ` σ ↔ σ 2 .
Proof. It is clearly sufficient to prove the claim for ∆0 -formulas σ. The
nontrivial cases are when σ is an implication or begins with a (bounded)
universal quantifier.
Let σ = (ϕ → ψ). Then σ 2 is equivalent to ¡HA (ϕ2 → ψ 2 ), and
hence it implies ϕ → ψ, by the induction hypothesis. Vice versa, ϕ → ψ
implies ¡HA (ϕ → ψ), by provable Σ1 -completeness of HA, therefore also
¡HA (ϕ2 → ψ 2 ), by the induction hypothesis.
Bounded universal quantifiers are treated similarly.
¥
LEMMA 137. For any formula ϕ, if HA ` ϕ then HA ` ϕ2 .
Proof. This is straightforward for all the logical axioms and inference rules.
The quantifier-free axioms of HA are preserved, by the previous lemma. The
translation of the induction schema looks essentially as follows:
ϕ2 (0) ∧ ¡HA ∀x ¡HA (ϕ2 (x) → ϕ2 (x + 1)) → ¡HA ∀xϕ2 (x),
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where we omitted some outer boxes. Now, the conclusion ∀xϕ2 (x) follows
from the usual induction schema in HA. The formula 2HA ∀xϕ2 (x) can be
inferred from 2HA ∀x (ϕ2 (x) → ϕ2 (x + 1)) and 2HA ϕ2 (0), where one uses
Lemma 135 to obtain 2HA ϕ2 (0) from ϕ2 (0).
¥
We let HA∗ be the set of all ϕ such that HA ` ϕ2 . HA∗ is obviously deductively closed and, by the previous lemma, contains HA. The corresponding
provability predicate can be defined by
2HA∗ ϕ := 2HA ϕ2 .
LEMMA 138. HA∗ proves its own completeness principle:
HA∗ ` ϕ → 2HA∗ ϕ.
Proof. We prove that the translation of the completeness principle is provable in HA. By Lemma 135, ϕ2 implies 2HA ϕ2 . This formula is Σ1 , so by
Lemma 136, it implies (2HA ϕ2 )2 .
¥
[Visser, 1982] showed that, under some natural assumptions, HA∗ can be
axiomatized over HA by its own completeness principle.
The role of the completeness principle is similar to that of Church thesis w.r.t. Kleene realizability translation. The completeness principle is
classically false, therefore HA∗ is not sound, but this does not make HA∗ inconsistent. In fact, it is sufficiently conservative over HA. We will need the
following conservation result, which is not optimal but will do for a proof
of Visser’s theorem.
LEMMA 139. Let ϕ ∈ NNIL, and let f be a Σ1 -realization. Then
HA ` f (ϕ)2 → f (ϕ).
Proof. Induction on the build-up of ϕ. The only nontrivial case is when
ϕ = (ψ → θ). Since ψ is implication-free, f (ψ) is HA-equivalent to a Σ1 formula. Then f (ψ → θ)2 is equivalent to ¡HA (f (ψ)2 → f (θ)2 ). We show
that HA ` f (ψ) → f (θ).
Assume f (ψ). By Lemma 136, we obtain f (ψ)2 , hence f (θ)2 . By the
induction hypothesis f (θ)2 implies f (θ), as required.
¥
The previous lemma is formalizable in HA. Together with Lemma 137
this yields the following corollary.
COROLLARY 140. Let ϕ ∈ NNIL, and let f be a Σ1 -realization. Then
HA ` 2HA∗ f (ϕ) ↔ 2HA f (ϕ)2 ↔ 2HA f (ϕ).
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9.6

Proof of Visser’s theorem

Here we prove Theorem 129. Let ϕ be a given letterless modal formula.
We show by induction on ϕ that 2ϕ is equivalent to 2α ⊥, for a suitable α.
Note that ϕ can be seen as a boolean combination of formulas of the form
2ψi . So, by induction hypothesis, it is sufficient to show the statement of
the theorem for any boolean combination of formulas of the form 2αi ⊥.
So, let ϕ = ψ(2α1 ⊥, . . . , 2αn ⊥), where ψ(p1 , . . . , pn ) is box-free. Notice
that the arithmetical interpretations of formulas 2αi ⊥ are Σ1 . Let f be the
i
realization f mapping pi to 2α
HA ⊥. Applying Theorem 132 to f , we obtain
HA ` 2HA ϕHA

↔ 2HA f (ψ ] )
→ 2HA f (ψ ] )2 ,

by Corollary 140.

(3)

Now we prove by induction on the length of an IPC-formula θ the following
lemma.
LEMMA 141. For any IPC-formula θ there is an α such that
HA ` f (θ)2 ↔ 2α
HA ⊥.
Proof. The basis of induction is clear. Further, notice that for any α, β,
β
HA ` 2α
HA ⊥ → 2HA ⊥ ⇐⇒ α ≤ β.

This implies that formulas of the form 2α
HA ⊥ are closed under conjunction
and disjunction modulo equivalence in HA, so we only have to treat the case
θ = (A → B).
By the induction hypothesis, we may assume that f (A)2 is equivalent to
β
2
a formula 2α
HA ⊥ for some α, and HA ` f (B) ↔ 2HA ⊥, for some β. We
have
HA ` f (A → B)2

↔ ¡HA (f (A)2 → f (B)2 )
↔

β
¡HA (2α
HA ⊥ → 2HA ⊥).

The latter formula is equivalent, by Löb’s theorem, to 2βHA ⊥ if β < α, and
to >, otherwise.
¥
Visser’s theorem now follows from this lemma and (3).

9.7

Subalgebras of the Lindenbaum Heyting algebras

Another important application of HA∗ is the Visser–de Jongh characterization of its subalgebras that bears consequences on the subalgebras of HA.
[de Jongh and Visser, 1996] proved that positive Heyting algebras satisfying
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the disjunction property are precisely the algebras embeddable in the Lindenbaum algebra of HA∗ . We formulate their result in terms of intuitionistic
propositional theories.
A propositional theory P in the language of IPC satisfies the disjunction
property, if P ` ϕ ∨ ψ implies P ` ϕ or P ` ψ, for any formulas ϕ, ψ. As
before, we say that P is realizable in a theory T , if there is an arithmetical
realization f such that
P ` ϕ ⇐⇒ T ` f (ϕ).
P is Σ1 -realizable, if f can be chosen to be a Σ1 -realization.
Obviously, any propositional theory realizable in HA∗ satisfies the disjunction property because HA∗ does so:
HA ` (ϕ ∨ ψ)2 ⇒ HA ` ϕ2 ∨ ψ 2 ⇒ HA ` ϕ2 or HA ` ψ 2 .
The disjunction property turns out to be sufficient for the realizability of
r.e. propositional theories in HA∗ .
THEOREM 142 (de Jongh, Visser). Any r.e. propositional theory P satisfying the disjunction property is Σ1 -realizable in HA∗ .
This theorem is analogous to Shavrukov’s characterization of r.e. subalgebras of the provability algebra of PA. In fact, it is proved by an adaptation
of a corresponding method of V. Shavrukov and D. Zambella, which in this
situation even becomes technically simpler. However, a suitable characterization of subalgebras of the Lindenbaum Heyting algebra of HA itself, and
of realizable propositional theories in HA, remains an open problem. A.
Visser proved the following corollary about Σ1 -realizable theories.
COROLLARY 143. Let P be a propositional theory in the language of IPC.
Then P is Σ1 -realizable in HA iff P can be axiomatized by NNIL-formulas
and has the disjunction property.
Proof. Assume that P is Σ1 -realizable by f . It is sufficient to show that P
is closed under the operation (·)] .
If P ` ϕ, then HA ` f (ϕ). However, by Theorem 132, we have, for any
Σ1 -realization g,
HA ` g(ϕ) ⇒ HA ` g(ϕ] ).
It follows that HA ` f (ϕ] ) and P ` ϕ] .
Suppose P is axiomatized by NNIL-formulas and has the disjunction
property. Then P is realizable in HA∗ by a Σ1 -realization f , that is,
P ` ϕ ⇐⇒ HA∗ ` f (ϕ).
In particular, HA∗ ` f (A), for every A ∈ P . By Corollary 140, we have
HA∗ ` f (A) ⇐⇒ HA ` f (A),
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therefore, HA ` f (A). Hence, P ` ϕ implies HA ` f (ϕ), for any formula ϕ.
On the other hand, P 0 ϕ implies HA∗ 0 f (ϕ), and hence HA 0 f (ϕ)
because HA∗ contains HA. Hence, f is a Σ1 -realization of P in HA.
¥
We also remark that a Σ1 -realizable propositional theory in finitely many
variables is axiomatizable by a single NNIL-formula because there are no
more than finitely many non-equivalent NNIL-formulas in those variables.
Another corollary of the previous result is the above mentioned uniform
version of de Jongh’s theorem (Theorem 128) stating that the empty propositional theory is Σ1 -realizable in HA.

9.8

Admissible rules

Here we give a number of characterizations of admissible rules in IPC due
to S. Ghilardi and R. Iemhoff.
Visser–Iemhoff calculus
A. Visser and D. de Jongh (unpublished) suggested an infinite series of
admissible rules in IPC and conjectured that they form a basis of admissible
rules. [Iemhoff, 2001b] later proved their conjecture. The form of the rules
is sufficiently intricate. First, we introduce an abbreviation.
Define
(A)(B1 , . . . , Bn ) := (A → B1 ) ∨ . . . ∨ (A → Bn ).
Visser’s rule (Vn ) is as follows:
(A → (B ∨ C)) ∨ D
(A)(E1 , . . . , En , B, C) ∨ D,
Vn
where A = i=1 (Ei → Fi ).
A formula D is hanging around for purely technical reasons of generality:
by the disjunction property, the rule with D is admissible iff the one without
D is. Yet, since the disjunction property is not an inference rule, we have
to keep D around to include these trivial variants as derived rules.
PROPOSITION 144 (de Jongh, Visser). For each n, the rule (Vn ) is admissible in IPC.
Proof. Assume the premise is derivable and the conclusion is not. Then
none of the formulas (A → Ei ), (A → B) and (A → C) is derivable. Take
the disjoint union of the countermodels for these formulas and attach a new
root b to it. Since the premise is derivable, it is true at b, but none of the
formulas B, C and Ei can be true at b. Hence, A is false at b. But then,
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since A is true everywhere except for b, one of the formulas Ei must be true
at b. A contradiction.16
¥
We will write ϕ ` ψ, if IPC ` ϕ → ψ, and ϕ `VI ψ, if ψ is provable from
ϕ using intuitionistic logic and the rules (Vn ). (VI stands for Visser and
Iemhoff.) For obvious reasons we obtain
COROLLARY 145. ϕ `VI ψ implies that the rule ϕ/ψ is admissible in IPC.
Iemhoff models
R. Iemhoff introduced an appropriate notion of Kripke model for the consequence relation `VI . We call a Kripke model K for IPC an Iemhoff model,
if every finite set of nodes {u1 , . . . , un } in K has a tight predecessor, that is,
a node u such that
u ¹ u1 , . . . , un ∧ ∀y Â u ∃i ≤ n (ui ¹ y).
An Iemhoff model is locally finite if every of its generated submodels is
finite.
The following important theorem [Iemhoff, 2001b] is a combination of the
results by S. Ghilardi and R. Iemhoff.
THEOREM 146. The following statements are equivalent:
(i) A rule ϕ/ψ is admissible in IPC;
(ii) ϕ `VI ψ;
(iii) ψ is valid in all (locally finite) Iemhoff-models, where ϕ is valid.
We omit the proof, but note that the implication (ii)⇒(i) is Corollary
145. The implication (iii)⇒(ii) was proved by R. Iemhoff using a canonical
model construction. The implication (iii)⇒(i) is, essentially, a reformulation
of a result of [Ghilardi, 1999].
We also mention without proof the following result from [Ghilardi, 1999]
that parallels Theorem 132.
THEOREM 147 (Ghilardi). For every formula ϕ of IPC one can effectively
construct a formula ϕ∗ such that a rule ϕ/ψ is admissible in IPC iff ϕ∗ ` ψ.
S. Ghilardi calls such a formula ϕ∗ projective approximation of ϕ. As a
corollary one obtains another proof of Rybakov’s theorem.
COROLLARY 148 (Rybakov). Admissibility of an inference rule in IPC is
decidable.
16 Essentially the same argument, but now with Kripke models for HA, shows that the
rules (Vn ) are admissible in HA. This proof is not, as it stands, formalizable in HA,
though.
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Σ1 -preservativity
A. Visser noted that the rules (Vn ) are also valid for a certain arithmetical
interpretation. Say that an arithmetical formula ϕ Σ1 -preserves ψ if for
every Σ1 -sentence C, C `HA ϕ implies C `HA ψ. A propositional (modal)
formula ϕ Σ1 -preserves ψ, if fHA (ϕ) Σ1 -preserves fHA (ψ), for every arithmetical realization f . We say that ϕ Σ1 -preserves ψ provably in HA if for
every realization f ,
HA ` “fHA (ϕ) Σ1 -preserves fHA (ψ)”.
[Visser, 2002b] obtained the following result.
THEOREM 149. For any IPC-formulas ϕ, ψ the following statements are
equivalent:
(i) ϕ `VI ψ;
(ii) ϕ Σ1 -preserves ψ provably in HA;
(iii) ϕ Σ1 -preserves ψ;
(iv) ϕ/ψ is (provably) admissible in HA;
(v) ϕ/ψ is admissible in IPC.
Proof. The implication (i)⇒(ii) is proved by the so-called de Jongh translation, we omit the proof. The implications (ii)⇒(iii), (iii)⇒(iv) and (iv)⇒(v)
are easy. The implication (v)⇒(i) follows from Theorem 146.
¥
The following corollary was earlier obtained with a different proof in
[Visser, 1999].
COROLLARY 150. Admissible rules for HA and IPC are the same.
By virtue of (ii) this theorem, in particular, characterizes the ‘admissible
rules’ fragment of PLHA (HA).
COROLLARY 151. For any box-free formulas ϕ, ψ,
(2ϕ → 2ψ) ∈ PLHA (HA) ⇐⇒ ϕ `VI ψ.
Σ1 -preservativity can be understood as a modality that is similar (and
classically equivalent) to the dual Π1 -conservativity modality of interpretability logic. The provability logic of HA can then be viewed as a fragment
of the preservativity logic. Despite the more complicated language, using
preservativity logic is technically advantageous in the study of the provability logic of HA, for the system allows to more naturally express certain
principles that are built into PLHA (HA). Here we formulate the axioms
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of the preservativity logic of HA and formulate a current conjecture about
PLHA (HA).
The language of the preservativity logic is obtained from that of IPC
by adding a binary modality ¤. 2ϕ goes as an abbreviation for > ¤ ϕ.
Preservativity logic is given by the following axioms and inference rules:
Axioms:
1. Tautologies of IPC
2. ϕ ¤ ψ ∧ ψ ¤ θ → ϕ ¤ θ
3. θ ¤ ϕ ∧ θ ¤ ψ → θ ¤ (ϕ ∧ ψ)
4. ϕ ¤ θ ∧ ψ ¤ θ → (ϕ ∨ ψ) ¤ θ
5. ϕ ¤ 2ϕ
6. (2ϕ → ϕ) ¤ ϕ
7. ϕ ¤ ψ → (2θ → ϕ) ¤ (2θ → ψ)
8. (Visser’s
Vn scheme) (α → (β ∨ γ)) ¤ (α)(ϕ1 , . . . , ϕn , β, γ), where
α = i=1 (ϕi → ψi ) and the operation (·)(· · · ) is defined as
follows:
(α)(β1 , . . . , βn )

=

n
_

(α)(βi )

i=1

(α)(⊥) = ⊥
(α)(γ1 ∧ γ2 ) = (α)(γ1 ) ∧ (α)(γ2 )
(α)(2γ) = 2γ
(α)(β) = (α → β),
if β is not of the form ⊥, 2γ or γ1 ∧ γ2 .
Rules of inference: modus ponens; ϕ → ψ/ϕ ¤ ψ (preservation rule).
The arithmetical interpretation of the language of preservativity logic
is defined as usual except that now fHA (ϕ ¤ ψ) denotes the arithmetical
formula expressing that fHA (ϕ) Σ1 -preserves fHA (ψ).
Notice that Visser’s scheme is now more general than the one considered
before because of the richer language we are working in. It has been shown
by A. Visser that all the axioms and rules of preservativity logic are sound
w.r.t. the intended preservativity interpretation. In particular, the validity
of Axiom 4 follows from the disjunction property. However, unlike the
disjunction property, this schema is also verifiable in HA.
From Axiom 2 one concludes
ϕ ¤ ψ → (2ϕ → 2ψ).
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It follows that Axioms 5 and 6 strengthen the transitivity axiom and Löb’s
axiom of provability logic, respectively.
It is open, whether the above preservativity logic is arithmetically complete. R. Iemhoff and A. Visser conjecture that it is. For one thing, we know
that this system derives all the principles of PLHA (HA) known so far. In
particular, Leivant’s principle follows from Axioms 4 and 5, and Markov’s
principle is derivable from Visser’s principle. Thus, the current conjecture
is that PLHA (HA) is the 2-fragment of the preservativity logic given by the
above principles.
[Iemhoff, 2001a; Iemhoff, 2001c] developed suitable Kripke semantics for
the preservativity logic. We refrain from formulating it here, but refer the
interested reader to the original publications.
10

APPLICATIONS IN PROOF THEORY

The aim of this section is to present some applications of provability logic in
proof theory and arithmetic. Provability logic was designed as a system to
reason about formal provability. Yet, there is an obstacle: the properties of
provability operators expressed by the logic PLT (T ) happen to be the same
for all reasonable theories T . How can provability logic then say anything
useful about a concrete formal system T ? However, recently several genuine
applications of provability logic in proof theory have been found. The idea
is to use the provability logic for T not to investigate T itself, but rather
to study some specific extensions of T . The universality of the provability
logic then turns to an advantage: it allows to apply the same argument to
various theories and languages of completely different power.
The plan of this section is as follows. First, we get some more background
in proof theory and formal arithmetic. Necessarily, our exposition of this
area is very fragmentary. We emphasize the notions of provably total computable function and program. Secondly, we present additional material on
reflection principles that was instrumental in recent applications of provability logic. Finally, we present three applications [Beklemishev, 1999b;
Beklemishev, 2003b; Beklemishev, 2004].
The first one is the result that the class of provably total computable
functions of the fragment of PA with the induction schema restricted to Π2 formulas without parameters coincides with the class of primitive recursive
functions. We also obtain some other related results on parameter-free
induction schemata.
The second application we give here is a new proof of the famous result by
G. Gentzen [Gentzen, 1936]: the consistency of Peano arithmetic is provable
(over EA) by transfinite induction up to the ordinal ²0 .
Finally, we present a simple combinatorial independent principle with
a provability logic interpretation,“the Worm principle”. These results are
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obtained using the notion of graded provability algebra generalizing the ordinary provability algebras studied in Chapter 7 and the polymodal provability logic introduced by G. Japaridze [Japaridze, 1986].

10.1 Fragments of arithmetic
We consider main fragments of arithmetic obtained by restricting, in one
way or another, the axiom schema of induction axiomatizing PA. A common
restriction is that of the arithmetical complexity of the induction formulas.
Secondly, one can restrict or disallow the use of parameters in the induction
schema. Thirdly, induction is sometimes applied in the form of an inference
rule rather than a schema. (Those working in a Gentzen-style proof system
would speak in this case about restricting the complexity of the side formulas of the induction rule.) For the very weak systems further kinds of
restrictions of induction make sense, but we shall not consider them here.
There are alternative schemata axiomatizing PA, such as the collection
schema or the pigeon-hole principle, that can also be restricted in similar
ways and give rise to different families of fragments of PA.
Thus, in the theory of fragments, rather than investigating the whole
continuum of possible subtheories of PA, one concentrates on the study of
reasonably few “canonical” fragments. This allows, for example, for a rough
analysis of proofs of mathematical statements in PA: in every such proof
only specific instances of induction are used. Their quantifier complexity, as
well as the presence of parameters and whether the induction is applied as
a rule, can usually be easily checked. This allows, for example, to roughly
estimate the rate of growth of functions involved in the proof.
Figure 1 shows the relationships between fragments of PA defined by
restricted induction over EA. Here, IΣn is axiomatized over EA by the
induction schema for Σn -formulas with parameters. IΣn is equivalent to
−
IΠn by [Parsons, 1972]. IΣ−
n and IΠn denote the corresponding parameterR
free schemata. IΣn is the closure of EA under the Σn -induction rule:
ϕ(0),

∀x (ϕ(x) → ϕ(x + 1))
.
∀xϕ(x)

R
IΣR
n is known to be equivalent to IΠn+1 and to their parameter-free versions
[Parsons, 1972; Beklemishev, 1998a]. IΣR
1 is equivalent to the primitive
recursive arithmetic PRA, which will be discussed later.
Among the fragments between EA and IΣR
1 the most interesting for us
will be the extension of EA by an axiom stating the totality of the iterated exponentiation function exp(x) (y). (It is easy to see that the graph
of this function is naturally ∆0 -definable.) We shall denote this extension
by EA+ . EA+ is strong enough to prove the Cut-elimination theorem for
predicate logic and therefore some of its important consequences such as the

106

SERGEI N. ARTEMOV & LEV D. BEKLEMISHEV

IΣ2 + IΠ−
3
r

r
IΠ−
3
IΠ−
2
r
IΠ−
1

EA

r

IΣ−
1

r

r

IΣ1 + IΠ−
2
r

r
IΣ1

IΣ−
2

r

IΣ−
3

r
IΣ2

r

r IΣR
3

r IΣR
2

r IΣR ≡ PRA
1

Figure 1. Restricted induction in PA
Herbrand theorem (see [Hájek and Pudlák, 1993; Wilkie and Paris, 1987]).
In fact, EA+ is equivalent to a formalized statement of the Cut-elimination
theorem over EA. This is essentially due to the well-known upper and lower
bounds on the length of cut-free proofs by R. Statman [Statman, 1978] and
V.P. Orevkov [Orevkov, 1979].
From the proof-theoretic point of view the standard fragments of PA are
interesting because their properties may differ very much from those of PA
itself. The standard questions that one asks about a given fragment are, for
example:
• Finite axiomatizability of the fragment;
• The optimal arithmetical complexity of its axiomatization;
• How much reflection is provable in it over a weaker fragment;
• Whether the fragment is conservative over a weaker fragment for sentences of a particular arithmetical complexity.
Later in this section we shall prove some such relationships between the
fragments defined by restricted induction. Now we shall introduce one of
the central notions in proof theory and formal arithmetic.

10.2

Provably total computable functions

With a system T extending EA we can associate the class F(T ) of all functions f : Nk → N such that for some Σ1 -formula ϕ(~x, y) there holds:
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(i) f (~x) = y ⇐⇒ N ² ϕ(~x, y);
(ii) T ` ∀~x ∃y ϕ(~x, y).
Thus, the mapping T 7→ F(T ) sends sound theories T to classes of numbertheoretic functions. The minimal class F(EA) is known to coincide with
(Kalmar) elementary functions E. The class E is defined as the closure
of 0, 1, +, ·, 2x , projection functions and the characteristic function of ≤
by composition and bounded recursion, that is, primitive recursion with
the restriction that the resulting function is bounded by some previously
generated function. Thus, it is easy to see that any elementary function is
bounded by some fixed iterate of 2x .
For T containing EA, the class F(T ) contains E and is closed under
composition, but generally not under the bounded recursion. Also notice
that F(T ) only depends on the set of Π2 -consequences of T . Hence, if T is
Π2 -conservative over U , then F(T ) ⊆ F(U ).
For many natural theories T the classes F(T ) have been characterized
recursion-theoretically. For example, by a well-known result by C. Parsons
[Parsons, 1970] and independently by G. Mints [Mints, 1971], F(IΣ1 ) coincides with the class of primitive recursive functions. On the other hand,
already W. Ackermann [Ackermann, 1940] and G. Kreisel [Kreisel, 1952]
established that F(PA) coincides with the class of <²0 -recursive functions.
Characterization of the classes F(T ) for strong systems T is one of the main
tasks of proof-theoretic ordinal analysis. See [Pohlers, 1998] for a survey of
modern developments in this important area of proof theory.

10.3 Reflection principles and restricted induction
Recall (Section 8.3) that [n]T ϕ denotes n-provability of the formula ϕ, that
is, the provability of ϕ from T and some true Πn -formulas. The dual statement of n-consistency of ϕ over T is denoted hniT ϕ.
Our applications are based on some fundamental relationships of this
notion with the notion of restricted induction, on the one hand, and with
that of provably total computable function, on the other. First, we discuss
induction.
The following basic result was obtained in [Kreisel and Lévy, 1968]. This
was preceded by a somewhat weaker result of [Mostowski, 1953] showing
that PA proves consistency of any of its finite subtheories.
THEOREM 152. Over EA,
PA ≡ RFN(EA) ≡ {hniEA > : n < ω}.
Proof. The second equivalence follows from Proposition 122. We prove the
first one.
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(⊆) Let ψ := ϕ(0) ∧ ∀x (ϕ(x) → ϕ(x + 1)). Obviously, by induction on n,
we have ∀n EA ` ψ → ϕ(n̄). This argument is formalizable in EA, so
EA ` ∀x 2EA (ψ → ϕ(ẋ)).
Hence, RFN(EA) implies ∀x (ψ → ϕ(x)).
(⊇) Reason in PA. Assume EA ` ϕ(k̄). There is a cut-free proof of ϕ(k̄)
from the axioms of EA, which are all Π1 . By the subformula property all
formulas occurring in the proof belong to some class Πn , for a standard n.
Using a truth-definition for Πn -formulas prove within PA by induction on
depth of a cut-free proof that all sequents in the proof are true. Conclude
that ϕ(k̄) must be true.
¥
From the Unboundedness theorem (Corollary 25) following [Kreisel and
Lévy, 1968] we obtain a theorem by M. Rabin [Rabin, 1961].
COROLLARY 153. PA is not contained in any consistent theory axiomatized by a set of formulas of bounded arithmetical complexity.
This also implies the important earlier results by C. Ryll-Nardzewski
[Ryll-Nardzewski, 1953] and A. Mostowski [Mostowski, 1953] on finite nonaxiomatizability of PA.
A more careful account of the complexity of formulas in the proof of
Theorem 152 yields the following sharp characterization due to [Leivant,
1983] in the main direction (⊇). The (⊆) inclusion seems to have been first
stated in [Ono, 1987].
THEOREM 154. For n ≥ 1, over EA, IΣn ≡ RFNΠn+2 (EA) ≡ hn + 1iEA >.
COROLLARY 155. IΣn is not contained in any consistent theory axiomatized by Σn+2 -formulas.

10.4 1-Consistency and provably total programs
In order to explain the relationships between the notion of n-consistency and
that of provably total computable function we consider the corresponding
programs, or indices of such functions. Fix some natural coding of Turing
machines and a Σ1 -formula ϕe (x) = y expressing the statement that the
Turing machine coded by e on input x halts and outputs y.
DEFINITION 156. Let T be an elementary presented theory. A number e
is a T -index, if e = he1 , e2 i where
• e1 codes a Turing machine;
• e2 codes a T -proof of ∀x∃y ϕe1 (x) = y.
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With this indexing of provably total computable functions a universal
function ψ T is associated:
(
ϕe1 (x), if e = he1 , e2 i is a T -index;
T
ψe (x) :=
0,
otherwise.
The usual diagonalization argument shows that ψ T , as a function of arguments e and x, does not belong to F(T ). Therefore, the statement of its
totality delivers an independent principle for T .
LEMMA 157. EA ` ∀e, x∃y ψe (x) = y ↔ RFNΠ2 (T ).
Proof. The totality of ψ is expressed by the formula:
∀e1 , e2 , x (Prf T (e2 , p∀x∃yϕė1 (x) = yq) → ∃yϕe1 (x) = y).

(4)

Any Π2 -sentence is equivalent to the one of the form ∀x∃yϕē1 (x) = y for a
suitable index e1 , so it is not difficult to conclude that (4) is equivalent to
RFNΠ2 (T ).
¥
If f (~x) is a function whose graph is definable, let f ↓ denote the formula
∀~x ∃yf (~x) = y. The following basic result almost immediately follows from
the Herbrand theorem (cf. [Beklemishev, 1997a] for details).
PROPOSITION 158. Suppose the graph of f is elementary. Then g ∈
F(EA + f ↓) iff g can be obtained from elementary functions and f by composition.
We denote by C(f ) the closure of E ∪ {f } under composition. We can
define the jump F(T )0 of the class of provably total computable functions
of T as C(ψ T ). Applying Proposition 158 to f = ψ T and using Lemma 157
we obtain17
COROLLARY 159. If T is a Σ1 -sound theory, then F(EA + h1iT >) =
F(T )0 .
Proposition 158 leads to an alternative ‘proofs-free’ indexing of functions
in F(T ) for T = EA + f ↓. Terms in C(f ) have a natural Gödel numbering. These numbers can be considered as codes of provably total programs.
So, with this Gödel numbering we can associate another universal function
θeT (x) that computes the value of the term with index e on x . It has to
be noted, however, that the two kinds of indexing are equivalent provably
in EA+ because the Herbrand theorem is verifiable in EA+ and allows to
extract an explicit term from a proof of totality of a computable function.
17 Strictly speaking, the graph of ψ T is not elementary. Instead, one considers the
function ψ̃ T such that ψ̃eT (x) encodes the full protocol of the computation of ψe (x). It
is then routine to check that ψ̃ T has an elementary graph and C(ψ T ) = C(ψ̃ T ).
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LEMMA 160. Suppose f has an elementary graph, is EA-provably nondecreasing and satisfies f (x) > 2x . Then
EA ` λx.f (x) (x)↓ ↔ h1iEA f ↓.
Proof (sketch). Let T := EA+f ↓. By Lemma 157, h1iEA f ↓ is EA-equivalent
to ψ T ↓. The formula ψ T ↓ implies EA+ and hence θT ↓. The argument is
reversible, so it is sufficient to show that λx.f (x) (x)↓ is equivalent to the
totality of θT .
Clearly, if θ is total, then for every k the function f (k) is also total.
Indeed, f (k) ∈ C(f ) and the Gödel number of f (k) is obtained elementarily
from k. Hence, λx.f (x) (x) is total.
For the converse implication, we use the monotonicity of f . Under the
given assumptions, every term g ∈ C(f ) can be majorized by a fixed iterate of the function f . A similar bound also holds for the function g̃(x)
computing the full protocol of the computation of g(x):
EA ` ∀x (g(x) ≤ f (k) (x)).
The number k can be computed elementarily from the Gödel number of g,
say, by a function j(e).
Assume λx.f (x) (x) is total. To show that, for any e and x, the value θeT (x)
is defined, consider the value f (j(e)) (x). This value is smaller than f (z) (z),
where z := max(j(e), x), hence it is defined. Therefore, the computation of
θeT (x) converges below this value.
¥
The classes E ⊆ E 0 ⊆ E 00 ⊆ . . . form the so-called Grzegorczyk hierarchy
[Grzegorczyk, 1953]. It is well-known that the union of this hierarchy coincides with the class of primitive recursive functions (see also [Rose, 1984]).
Theorem 161 below gives a stronger version of this fact.
From the previous proposition we conclude that the class E (n) coincides
with C(Fn ), where
F0 (x) := 2x + 1;

Fn+1 (x) := Fn(x) (x).

The functions Fn are all primitive recursive and their graphs are elementary
definable. The extension of EA by axioms Fn ↓ for all n ≥ 1 is an alternative
axiomatization of the primitive recursive arithmetic PRA.
We define Tωn := T + {hnikT > : k < ω}. Lemma 160 yields the following
THEOREM 161.
(i) EA1ω ≡ IΣR
1 ≡ PRA;
(ii) F(EA1ω ) is the class of primitive recursive functions.
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Proof. (i) The totality of all Fn is immediately proved by the Σ1 -induction
rule. It is also easy to see by Kreisel’s trick (as in the proof of Theorem
152). Once the premise of an application of Σ1 -induction rule is proved from
1
R
h1ikEA >, then the conclusion follows from h1ik+1
EA >. Therefore, IΣ1 ⊆ EAω .
1
Finally, the inclusion PRA ⊆ EAω follows from Lemma 160.
(ii) Every function in F(PRA) is primitive recursive, since so are all Fn .
In the converse direction, it is immediately seen that the totality of any
primitive recursive function is provable in IΣR
¥
1.

10.5 Parameter-free induction
The parameter-free induction has been studied in [Kaye et al., 1988; Ratajczyk, 1989; Adamovicz and Bigorajska, 1989; Beklemishev, 1997c; Beklemishev, 1999b] and other papers. IΣ−
n is the theory axiomatized over EA by
the schema of induction
ϕ(0) ∧ ∀x (ϕ(x) → ϕ(x + 1)) → ∀xϕ(x),
where ϕ(x) is a Σn -formula with the only free variable x. IΠ−
n is defined
similarly.
−
It is known that the schemata IΣ−
n and IΠn show a very different behavior from their counterparts IΣn and IΠn . In particular, for n ≥ 1,
−
−
IΣ−
n and IΠn are not finitely axiomatizable and IΣn is strictly stronger
−
than IΠn . Here we shall obtain these results, as well as some conservation
results, using graded provability algebras.
The following characterization of parameter-free induction schemata via
reflection principles is found in [Beklemishev, 1997c; Beklemishev, 1999b].
THEOREM 162. For n ≥ 1, over EA,
(i) IΣ−
n ≡ {π → hniEA π : π ∈ Πn+1 };
(ii) IΠ−
n+1 ≡ {π → hniEA π : π ∈ Πn+2 }.
Proof. The inclusion (⊆) in both cases is proved by a trick similar to the
one in the proof of Theorem 152. To prove (ii) we have to derive
ϕ(0) ∧ ∀x (ϕ(x) → ϕ(x + 1)) → ∀xϕ(x),
for each Πn+1 formula ϕ(x) with the only free variable x. Let ψ denote
the Πn+2 -sentence (logically equivalent to) ϕ(0) ∧ ∀x (ϕ(x) → ϕ(x + 1)).
By induction on k, we obtain that for each k, EA + ψ ` ϕ(k̄). This fact is
formalizable in EA, therefore
EA ` ∀x ProvEA+ψ (pϕ(ẋ)q).

(5)
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Let T denote the theory EA + {π → hniEA π : π ∈ Πn+2 }. Then we have
T +ψ

` RFNΠn+1 (EA + ψ)
` ∀x (ProvEA+ψ (pϕ(ẋ)q) → ϕ(x))
` ∀xϕ(x),
by (5).

It follows that T ` ψ → ∀xϕ(x), as required.
The proof of the converse inclusion is more complicated and we shall omit
it (see [Beklemishev, 1997c]). Notably, we will not need this part for the
proof of our main conservation result (Theorem 164 below and its corollary).
¥
REMARK 163. Statement (ii) of the above theorem also holds for n = 0,
but only if [0] is understood as a cut-free provability predicate. Over EA+
there is no difference between the ordinary and the cut-free provability predicates. Thus, we may conclude that over EA+ the schema IΠ−
1 is equivalent
to {π → h0iEA π : π ∈ Π2 } which is the same as RfnΣ2 (EA).
Now we derive some corollaries using methods of Section 4.2 (see [Beklemishev, 1997c; Beklemishev, 1999b]).
THEOREM 164. IΠ−
2 is a Π2 -conservative extension of PRA.
Proof. This is, essentially, a relativized version of Theorem 30.
Assume IΠ2− ` π with π a Π2 -sentence. By Theorem 162 (ii) we have
Vn
EA ` i=1 (ϕi → h1iEA ϕi ) → π,
where ϕi are Π3 -sentences. Reading in the proof of Theorem 29 everywhere
[1]EA instead of 2T we conclude that, for some k,
EA + h1ikEA > ` π.
However, PRA ` h1ikEA >, for any k.

¥

Since the provably total computable functions of PRA coincide with the
primitive recursive functions, we obtain the following corollary.
COROLLARY 165. F(IΠ−
2 ) coincides with the class of all primitive recursive functions.
Relativization of the proof of Theorem 31 yields the following stronger
conservation result.
−
THEOREM 166. For n ≥ 1, IΠ−
n+1 is conservative over IΣn for boolean
combinations of Σn+1 -sentences.

From Theorem 162 and the proof of Theorem 28 we also derive
−
THEOREM 167. Neither IΣ−
n nor IΠn for n ≥ 1 are finitely axiomatizable.

This statement was proved by Kaye, Paris and Dimitracopoulos [Kaye et
al., 1988] by model-theoretic methods.
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10.6 Graded provability algebras
Our next goal is, essentially, a proof-theoretic (ordinal) analysis of Peano
arithmetic. Whereas at the bottom of the proof of Theorem 164 and other
statements in the previous section are, essentially, the arguments formalizable in GL, this will not be enough for our further applications. Rather,
we have to adopt an algebraic point of view and formulate an additional
reduction property which is not expressible in GL, nor, for that matter, in
expressively stronger Japaridze’s logic GLP.
The necessary algebraic structures essentially constitute the algebraic
counterpart of a sorted variant of GLP.
Let us first generalize the construction of provability algebras (Section 7)
to n-provability algebras. Let T be an elementary presented theory containing EA. Since the formulas [0]T , [1]T , . . . satisfy Bernays–Löb derivability conditions, all of them correctly define operators acting on the Lindenbaum boolean algebra of T . Consider the enriched structure M∞
T =
(BT , [0]T , [1]T , . . .).
Terms of this algebra correspond to propositional polymodal formulas
of the Japaridze logic. By Japaridze’s theorem, the identities of M∞
T are
exactly characterized by the system GLP.
PROPOSITION 168. For any sound theory T containing EA,
x (ϕ(~x) = >).
GLP ` ϕ(~x) ⇐⇒ M∞
T ² ∀~
Now we enrich M∞
T by an additional stratification structure. Stratifica∞
tion is a family of distinguished subsets P0 ⊂ P1 ⊂ . . . ⊆ MS
T , which correspond to the degrees of Π1 , Π2 , . . . sentences. Obviously, i≥0 Pi = M∞
T .
Also notice that the operator hni maps M∞
to
P
and
P
is
closed
under
n
n
T
∧ and ∨. We refer to the elements of Pn as those of sort n. Thus, M∞
T
together with the natural stratification is a many-sorted algebra. We call
this algebra the graded provability algebra of T and abusing notations also
denote it by M∞
T .
The logic of the many-sorted algebra M∞
T is naturally formulated in the
language with sorted propositional variables pni , where the upper index n
indicates that the variable ranges over sort n, that is, over Πn+1 -sentences.
The assignment of sorts can be extended to arbitrary polymodal formulas
in a natural way (all formulas of the form hniϕ have sort n). In addition
to the identities of GLP, we have an identity expressing the principle of
Σn+1 -completeness:
¬pni → [n]¬pni .
We should also keep in mind that the rule of substitution of the logic in
question is restricted to respect the sorts. Then the above principle in
particular allows to derive the axiom hniϕ → [n + 1]hniϕ of GLP.
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We shall call a graded provability algebra any many-sorted algebra M
whose identities satisfy the logic described above. Alternatively, it can be
defined as an algebra satisfying all the identities of M∞
EA in the many-sorted
language.

10.7 Reduction property
The graded provability algebra of T provides a kind of big, universal structure where all the extensions of T formulated in the arithmetical language
‘live in’. Any arithmetical theory extending T is embeddable as a filter
into the Lindenbaum algebra BT . In particular, fragments of PA above EA
can be viewed as particular filters in M∞
EA . However, in order that the
machinery of provability algebras could be applicable to these theories, the
∞
structure MEA
has to ‘see’ these filters, in other words, they have to be, in
some sense, nicely definable in the structure M∞
EA .
For the standard fragments of PA obtained by restricting the induction
schema this was essentially observed in Section 10.3. By Theorem 154, in
M∞
EA the fragments IΣn correspond to the principal filters generated by
the elements hn + 1iEA >. By Theorem 152, PA corresponds to the filter
generated by {hni> : n < ω}. We also know from Theorem 162 that IΠ−
n+1
is the filter generated by {π → hniEA π : π ∈ Pn+1 } and similarly for IΣ−
n.
By Theorem 161, PRA corresponds to {h1in > : n < ω}.
Stratification also allows us to express the notion of Πn+1 -conservative
extension of theories. Let U and V be filters in M. We write U ⊆n V
iff every π ∈ Pn such that π ∈ U also satisfies π ∈ V . U ≡n V means
U ⊆n V and V ⊆n U . The same notation is also applied to arbitrary
sets of elements of M and means the corresponding relation between filters
generated by those sets.
The following proposition proved in [Beklemishev, 2003a; Beklemishev,
2001] is related to the so-called ‘Fine Structure Theorem’ of [Schmerl, 1979]
and generalizes a result of [Parsons, 1972] on the conservativity of IΣn over
IΣR
n.
PROPOSITION 169 (Reduction). Assume T is a Πn+2 -axiomatized theory
∞
containing EA. Then for all ϕ ∈ M∞
T , the following holds in MT :
hn + 1iT ϕ ≡n {Qnk (ϕ) : k < ω},
where
Qn0 (ϕ) =
Qnk+1 (ϕ) =

hniT ϕ,
hniT (Qnk (ϕ) ∧ ϕ).

Thus, the filter generated by all Πn+1 -consequences of an element of the
form hn + 1iT ϕ ∈ M∞
T of complexity Πn+2 can be generated by specific
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Πn+1 -elements Qnk (ϕ). It is important that these elements are definable by
terms in the language of M∞
T . Thus, Proposition 169 expresses a specific
kind of definitional completeness of M∞
T .
The strength of this proposition can be illustrated by the following example. Consider n = 1 and ϕ = > in M∞
EA . Then
h2iEA > ≡1 {h1ikEA > : k < ω}.
But h2iEA > is equivalent to IΣ1 , by Theorem 154, and EA+{h1ikEA > : k < ω}
is equivalent to PRA, so we obtain the following theorem due to C. Parsons
[Parsons, 1970; Parsons, 1972] and G. Mints [Mints, 1971].
COROLLARY 170.
(i) IΣ1 is Π2 -conservative over PRA.
(ii) F(IΣ1 ) coincides with primitive recursive functions.
A proof of Proposition 169 can be obtained rather directly by cut-elimination in predicate logic (see [Beklemishev, 2003a]). Hence, it is formalizable
in EA+ . In fact, the proposition can be viewed as an algebraic analog of the
cut-elimination theorem in the sense that it reduces the formula hn + 1iT ϕ
to formulas of lower arithmetical complexity. We call this property of M∞
T
the reduction property.18
We conclude with a corollary of the reduction property concerning nconsistency orderings on M∞
T . The n-consistency ordering <n on any
graded provability algebra M is defined by
ψ <n ϕ ⇔ M ² ϕ ≤ hniψ.
Clearly, <n is transitive and irreflexive on M \ {⊥}. Unlike the usual
ordering ≤ of the Lindenbaum algebra of T , these orderings are certainly
not dense: e.g., there are no other elements between > and h0i> w.r.t. the
ordering <0 . However, recall that using Shavrukov’s theorem it is possible
to construct a dense linear chain in M∞
T w.r.t. <0 .
Define: if α = hn + 1iϕ, then α[[k]] := Qnk (ϕ). Reduction property yields
the following corollary, which tells us that the limit of the sequence α[[k]] (in
the sense of the ordering <n on M∞
T ) is α.
COROLLARY 171. Assume M∞
T satisfies the reduction property. If ψ <n
α, then ∃k : ψ <n α[[k]]. Hence α[[0]] <n α[[1]] <n . . . −→ α.
Proof. It is obvious that α[[k]] <n α[[k + 1]] for any k in any graded provability algebra. If T ` α → hniT ψ, then hniT ψ belongs to the filter generated
by {α[[k]] : k < ω}. Hence, T ` α[[k]] → hniT ψ.
¥
18 Not all graded provability algebras have this property: e.g., if we throw away the
operation h1i from the structure, the logic of the algebra remains the same, but the
Π1 -consequences of h2i> cannot be expressed in terms of h0i alone.
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In the remaining part of the section we show how the notions involved
can be used to give a proof-theoretic analysis of Peano arithmetic.

10.8

An algebraic view of ²0

Work in the letterless fragment of GLP. Let S be the set of formulas generated from > by h0i, h1i, . . . . An element of S typically has the form
α = hn1 ihn2 i . . . hnk i>.
We identify such elements with words in the alphabet of natural numbers
α = n1 n2 . . . n k .
The empty word ∅ is identified with >. Let Sn be the restriction of S to
the alphabet {n, n + 1, . . .}.
THEOREM 172. (Sn , <n ) is a well-founded ordering of height ²0 . Modulo
provable equivalence in GLP this ordering is linear.
We shall use elements of S as our codes for the ordinals below ²0 . Recall
that GLP is elementary decidable. The reader not familiar with ²0 may
consider the order type of (S, <0 ) modulo GLP as a definition of ²0 .
The proof of this theorem is given in [Beklemishev, 2001]. Here we only
formulate an easy correspondence between S and the ordinals below ²0 .
Define o(0k ) = k. If α = α1 0α2 0 · · · 0αn , where all αi ∈ S1 and not all of
them empty, then recursively define
−

−

o(α) = ω o(αn ) + · · · + ω o(α1 ) ,
where β − is obtained from β ∈ S1 by replacing every letter m + 1 by m.
We have: for all α, β ∈ S,
GLP ` α ↔ β
GLP ` β → 3α

iff
iff

o(α) = o(β);
o(α) < o(β).
0

1

EXAMPLE 173. o(2101) = ω o(0) +ω o(10) = ω +ω ω +ω = ω ω . Accordingly,
we have
GLP ` 2101 ↔ (21 ∧ 01) ↔ 21 ↔ 2.
Theorem 172 derives from the paper [Ignatiev, 1993a] by K. Ignatiev, who
obtained normal forms for arbitrary letterless formulas of GLP. Letterless
formulas constitute the prime subalgebra P ⊂ M∞
T .
THEOREM 174 (Ignatiev). Suppose T is sound. On P \ {⊥} the ordering
<0 is well-founded of height ²0 .
Technically, we do not need this stronger result, but it shows that ²0 is
an intrinsic characteristic of the algebra M∞
T .
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Before giving a consistency proof of PA we have to establish that modulo
GLP the set S is closed under the operation α 7→ α[[n]].
LEMMA 175. Some derivations in GLP:
(i) If m < n, then ` hniϕ ∧ hmiψ ↔ hni(ϕ ∧ hmiψ);
(ii) If α ∈ Sn+1 , then ` α ∧ nβ ↔ αnβ.
(iii) If m ≤ n, then ` nmα → mα.
Proof. Statement (i):
GLP ` hniϕ ∧ hmiψ

→ [n]hmiψ by Axiom (iii)
→ hni(ϕ ∧ hmiψ).

Statement (ii) follows by repeated application of (i). Statement (iii) is axiom
[m]ϕ → [m][m]ϕ of GLP.
¥
LEMMA 176. If α = hn + 1iϕ ∈ S, then ∃β ∈ S GLP ` β ↔ α[[k]].
Proof. We argue by induction on k. For k = 0 we have α[[0]] = hniϕ ∈ S.
Write α[[k]] ∈ S in the form nγmβ, where γ ∈ Sn+1 and m ≤ n.
GLP ` α[[k + 1]] ↔ hni(γmβ ∧ nγmβ)
↔ hni(γ(mβ ∧ nγmβ)) by Lemma 175(i)
↔ hni(γnγmβ) by Lemma 175(iii).
¥
COROLLARY 177. For any k, GLP ` α[[k]] ↔ (nγ)k+1 mβ.

10.9 A consistency proof for PA
∗
Work in M∞
EA . We shall denote by α the arithmetical interpretation of a
formula (or a word) α ∈ S. All the modalities will refer to the operators of
∗
M∞
EA . The function (·) as a mapping between Gödel numbers is elementary
and thus is also representable in EA.
First of all, recall that PA is embeddable into M∞
EA as a filter generated
by {hni> : n < ω}, by Theorem 152. Moreover, this fact is formalizable in
EA, so we obtain

EA ` ∀n3(hni>)∗

↔

Con(EA + {hni> : n < ω})

↔

Con(PA).
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We are going to prove ∀α ∈ S 3α∗ by transfinite induction over EA+ . We
claim:
EA+ ` ∀α ∈ S (∀β <0 α 3β ∗ → 3α∗ ).
Assume ∀β <0 α 3β ∗ .
If α = 0β, then 3β ∗ , hence 33β ∗ using h1i> in EA+ .
If α = hn + 1iβ, then ∀k 3α[[k]]∗ because α[[k]] <0 α. By Proposition 169,
(provably in EA+ )
α∗ ≡n {α[[k]]∗ : k < ω}.
Therefore, ∀k 3α[[k]]∗ yields 3α∗ . So,
EA+ + (S, <0 )-induction ` ∀α ∈ S 3α∗
` Con(PA), by (6).
A simple inspection of the above argument shows that transfinite induction is applied once in the form of a rule for the Π1 -formula ϕ(α) := 3α∗ :
∀β <0 α ϕ(β) → ϕ(α)
.
∀αϕ(α)
We therefore can state a more formal version of Gentzen’s famous consistency proof for PA [Gentzen, 1936; Gentzen, 1938].
THEOREM 178. EA+ + (S, <0 )-induction rule for Π1 -formulas is equivalent to
EA+ + Con(PA) + Con(PA + Con(PA)) + . . .
We have shown that one application of the rule derives the consistency of
PA. It is proved in a similar manner that nested applications of transfinite
induction for (S, <0 ) derive iterated consistency assertions. A full proof of
the above theorem, including the one of the converse direction that we omit
here, is given in [Beklemishev, 2001].

10.10

The Worm Principle

Here we present a simple statement of combinatorial nature that is independent of Peano Arithmetic and is motivated by graded provability algebras.
It asserts the termination of a certain combinatorial game reminiscent of the
well-known Hydra battle of L. Kirby and J. Paris [Kirby and Paris, 1982].
The game deals with objects called worms. A worm is a finite function
f : [0, n] → N. Worms can be specified as lists of natural numbers w =
(f (0), f (1), . . . , f (n)). For example, w = 2102031 is a worm (where we omit
commas assuming all elements are <10). f (n) is called the head of the
worm. The empty worm is denoted by ∅.
Now we describe the rules of the game. Informally, the game starts with
an arbitrary worm and at each step we hit the head of the worm so that
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Figure 2. A Worm

it decreases by 1. In response the worm grows according to the two simple
rules below. Unlike the original Hydra battle, the Worm game is fully
deterministic.
We specify a function next(w, m), where w = (f (0), f (1), . . . , f (n)) is a
worm and m is a step of the game:
1. If f (n) = 0 then next(w, m) := (f (0), . . . , f (n − 1)). In this case the
head of the worm is cut away.
2. If f (n) > 0 let k := maxi<n f (i) < f (n).
The worm w (with the head decreased by 1) is then the concatenation
of two parts, the good 19 part r := (f (0), . . . , f (k)), and the bad part
s := (f (k + 1), . . . , f (n − 1), f (n) − 1). We define
next(w, m) := r ∗ |s ∗ s ∗{z· · · ∗ s} .
m+1 times

Now let w0 := w and wn+1 := next(wn , n + 1).

As an example consider the worm w = 2102031 depicted in Figure 2. At
the first step we obtain k = 4; r = 21020; s = 30; next(w, 1) = 210203030.
Then the game proceeds as follows:
19 This

part can also be empty.
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w0 = 2102031
w1 = 210203030
w2 = 21020303
w3 = 21020302222
w4 = 210203022212221222122212221
w5 = 2102030(22212221222122212220)6
...
Notice that wn is defined by primitive recursion. In fact, wn is an elementary
function of n and (the code of) w. This can be seen from the estimate
|wn | ≤ (n + 2)! · |w0 |
showing that the length of a worm grows only elementarily in the course of
the game. Also notice that the maximal size of the elements of the worm
can only decrease. This allows to write out a ∆0 -formula in three variables
stating wn = u.
The intended true PA-unprovable principle asserts that any initial worm
is eventually reduced to nothing:
Every Worm Dies ⇔ ∀w∃n wn = ∅.
THEOREM 179. EWD is true but unprovable in PA. In fact, EWD is equivalent to 1-Con(PA) in EA.
Proof. First we prove EA + 1-Con(PA) ` EWD. For methodological reasons
we would like to give a termination proof of the Worm game that does not
refer to any ordinal assignments. Instead, we interpret worms as elements
of a graded provability algebra.
We work in M∞
EA . Let α ∈ S be the converse of w, that is, the word w
written in the reverse order. Then we define w? := (α+ )∗ , where α+ means
increasing every element of α by 1.
Thus, for example, (103)? = h4ih1ih2i>.
LEMMA 180. For any w, PA ` w? .
Proof. We argue by induction on |w|. If w = vn and m is greater than any
letter in w, then
EA ` v ? ∧ hm + 1i> → hm + 1iv ? ,
→ hn + 1iv ? .

by Lemma 175

By Theorem 152 and the induction hypothesis,
PA ` v ? ∧ hm + 1i>,
so PA ` hn + 1iv ? , which yields the induction step.

¥
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LEMMA 181. For any w,
?
EA ` ∀n (wn 6= ∅ → 2(wn? → h1iwn+1
)).

Proof. It is sufficient to prove
∀w 6= ∅ ∀n EA ` w? → h1inext(w, n)?
by an argument formalizable in EA.
Let α be the converse of w. If α begins with 0, the claim is obvious. If
α begins with k + 1, the function next(w, n) is defined in such a way as to
exactly agree with the function α[[n]]. Thus, by Corollary 177, α[[n]] is the
converse of next(w, n). Corollary 171 yields
GLP ` α → 3α[[n]].
GLP is stable under (·)+ , so
GLP ` α+ → h1iα[[n]]+ .
This proves the claim, by the arithmetical soundness of GLP.

¥

LEMMA 182. For any w, EA ` h1iw0? → ∃n wn = ∅.
Proof. We prove ∀n wn 6= ∅ → ∀n [1]¬wn? essentially using Löb’s principle.
EA ` ∀n wn 6= ∅ ∧ [1]∀n[1]¬wn?

?
→ [1]∀n[1]¬wn+1
?
→ ∀n[1][1]¬wn+1
→ ∀n[1]¬wn? , by Lemma 181.

EA ` [1]∀n wn 6= ∅ → [1]([1]∀n[1]¬wn? → ∀n[1]¬wn? )
→ [1]∀n[1]¬wn? , by Löb.
EA ` ∀n wn 6= ∅

→ [1]∀n wn 6= ∅, by Σ2 -completeness
→ [1]∀n[1]¬wn?
→ ∀n[1]¬wn?
→ [1]¬w0? ,

as required.

¥

We conclude the first part of the proof of Theorem 179. From Lemmas 180
and 182 we obtain
PA `

h1iw? ,

EA

h1iw? → ∃n wn = ∅.

`

Hence, provably in EA, ∀w PA ` ∃n wn = ∅. This proof is formalizable in
EA, so 1-Con(PA) implies ∀w∃n wn = ∅.
¥
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10.11 Independence of EWD
Let w[[n]] := next(w, n) and
w[[n . . . n + k]] := w[[n]][[n + 1]] . . . [[n + k]].
We introduce an analogue of Hardy functions as follows. Let hw (n) be the
smallest k such that
w[[n . . . n + k]] = ∅.
We need some nice properties of h established by elementary reasoning
formalizable in EA.
The following notion will be used to establish the monotonicity of h
functions. Let v £ u iff v = u[[0]][[0]] . . . [[0]]. This essentially means that v is
an initial segment of u except possibly for the last letter, which should be
not larger than the corresponding letter in u.
LEMMA 183. If hw (m) is defined and u £ w, then
∃k w[[m . . . m + k]] = u.
Proof. The n-th letter in w can only change if all letters to the right of it
are deleted. So, if w rewrites to ∅, it cannot possibly miss the u state. ¥
COROLLARY 184. If hw (n) is defined, then ∀m ≤ n ∃k w[[n . . . n + k]] =
w[[m]].
LEMMA 185. If v £ u and x ≤ y, then hv (x) ≤ hu (y).
Proof. Repeating Corollary 184, obtain s0 , s1 , . . . such that
u[[y . . . y + s0 ]]
u[[y . . . y + s0 + s1 ]]

=
=
...

v[[x]]
v[[x]][[x + 1]]

Therefore, all steps of the rewrite sequence for v occur in the rewrite sequence for u.
¥
LEMMA 186. hu0v (n) = hu (n + hv (n) + 2) + hv (n) + 1 > hu (hv (n)).
Proof. Nothing can happen to a 0 between u and v until the v part is
eliminated. So, the worm u0v first rewrites to u0 and then to ∅.
¥
(n)

COROLLARY 187. If w ∈ S1 , then hw1 (n) > hw (n).
Proof. Observe that w1[[n]] = w0w0 . . . w0.

¥
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Now we can formulate the main lemma. As usual, hw ↓ denotes the formula ∀x∃y hw (x) = y. Let w∗ := α∗ , where α is the converse of w.
LEMMA 188. EA ` ∀w ∈ S1 (h1111w ↓ → h1iw∗ ).
Using this lemma we can easily give
Proof of the independence of EWD:
EA ` ∀w∃n wn = ∅

→ ∀w ∈ S1 hw ↓
→ ∀n h1ihni>
→ 1-Con(PA).

Here, the first implication holds because for every worm w and a number x
we can find another worm w0 := w0x such that w0 [[0 . . . x − 1]] = w. So, w0
dies iff hw (x) is defined.
¥
The proof relies on the reduction property of M∞
EA . More precisely, we
shall use the following corollary.
COROLLARY 189. Suppose α ∈ S1 begins with m > 1. Then
EA+ ` h1iα∗ ↔ ∀nh1iα[[n]]∗ .
∗
∗
Proof. In M∞
EA , by the reduction property, α ≡1 {α[[n]] : n < ω}. There+
∗
fore, formalizably in EA , α proves a false Σ1 -sentence iff α[[n]]∗ does, for
some n, q.e.d.
¥

We shall also essentially use Proposition 160. Notice that by Corollary
187 we have h111 (x) > 2x , therefore the same inequality holds for the function h111w (x), where w is any worm.
Proof of Lemma 188. Reason in EA. By Löb, we can use as an additional
assumption
∀w ∈ S1 [1](h1111w ↓ → h1iw∗ ).
(x)

If 1111w = v1, then hv1 ↓ → λx.hv (x)↓.
The function hv is increasing, has an elementary graph and grows at least
exponentially. So, if w = ∅, the claim is obvious: h1111 ↓ implies the totality
of superexponentiation and hence h1i>. If w is nonempty, we reason as
follows:
λx.h(x)
v (x)↓ → h1ihv ↓
→ h1ih1iv ∗ ,

by the assumption

→ h1iw∗ .
If 1111w = v ends with m > 1, then
hv ↓ →

λx.hv[[x]] (x + 1)↓

→ ∀n hv[[n]] ↓.
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Argument: Fix n. If x ≤ n, then hv[[n]] (x) ≤ hv[[n]] (n + 1).
If x ≥ n, then hv[[n]] (x) ≤ hv[[x]] (x + 1).

∀n hv[[n+1]] ↓

→
→

∀n hv[[n]]1 ↓, as v[[n]]1 E v[[n + 1]]
∀n h1ihv[[n]] ↓, as before

→

∀n h1ih1iw[[n]]∗

→

h1iw∗ , by Corollary 189.

This ends the proofs of Lemma 188 and Theorem 179.

¥
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Part II, Logic of Proofs
11 THE ORIGIN OF THE LOGIC OF PROOFS
Around BHK semantics. The general BHK idea of understanding logical connectives as operations on truth justifications proved very fruitful.
[Kleene, 1945] introduced a computational interpretation of intuitionistic
logic by considering computable functions rather than proofs to be truth
justifications. It showed that a constructive (intuitionistic) logical derivation may be regarded as both a computational program and a proof of its
correctness. This approach gave rise to the whole class of realizability semantics for constructive mathematical theories, as well as impressive array
of applications, cf. [Troelstra, 1998]. However, neither Kleene’s realizability
nor its variants can be considered a BHK -semantics. Computational programs behave quite differently from mathematical proofs. Ordinary proofs
allow for a verification, i.e. an algorithmic test of their correctness, whereas
computational programs cannot have general verification algorithms. Thus,
predicate
p is a proof of F
is decidable, whereas predicate
r realizes F
is not decidable. [Plisko, 1977] proved that the set of realizable first order formulas was not recursively axiomatizable. It is still an open problem
whether the set of realizable propositional formulas is axiomatizable (recursively enumerable). Kleene himself protested against attempts to identify
realizability with BHK.
Another paradigmatic example of computational semantics for intuitionistic logic is the Curry-Howard isomorphism between intuitionistic derivations and typed λ-terms (see for example [Girard et al., 1989; Troelstra
and Schwichtenberg, 1996]). From the foundational point of view, the significance of the Curry-Howard isomorphism is limited to the framework of
computational semantics. It does not present a BHK -semantics because
λ-terms are elementary prototypes of computational programs rather then
proofs. If considered as proofs, they are nothing else but natural deduction
derivations in the very Heyting’s calculus that BHK is called to lay ground
for. Thus, provability reading of the Curry-Howard isomorphism reduces to
a trivial observation “formula F is provable in IPC iff formula F is provable
in the natural deduction version of IPC,” and therefore it does not give a
semantics independent from the original Heyting’s calculus. Surveys [Uspensky and Plisko, 1985; van Dalen, 1986; Troelstra and van Dalen, 1988]
serve as good sources on the computational semantics of intuitionistic logic.

126

SERGEI N. ARTEMOV & LEV D. BEKLEMISHEV

There were several BHK -like semantics where a role of proofs was played
by abstract objects unrelated to generally accepted mathematical models of
proofs (cf. monograph [Beeson, 1980] and surveys [Avigad and Feferman,
1998; Troelstra, 1998]). In particular, in [Medvedev, 1962] a “problem”
is defined as an abstract nonempty finite set whose elements are called
“solutions” and its subset of “actual solutions”. The propositional logic
of finite problems is different from IPC. It is even unknown whether the
former is decidable (cf. [Uspensky and Plisko, 1985; Uspensky, 1992] for a
more detailed analysis of this approach). In [Läuchli, 1970] a realizability of
intuitionistic logic by abstract, not necessarily computable functionals was
considered. [Kreisel, 1962a; Kreisel, 1962b; Kreisel, 1965] made an attempt
to formalize the BHK -semantics in his theory of constructions, the original
variant of which was inconsistent. The subsequent patch due to [Goodman,
1970] resulted in a loss of a BHK character of this interpretation since
a “proof” of implication A → B was no longer applicable to all “proofs”
of A (a comprehensive analysis of Kreisel-Goodman theory may be found
in [Weinstein, 1983]).
The Kuznetsov-Muravitsky-Goldblatt-Boolos semantics ([Kuznetsov and
Muravitsky, 1976; Goldblatt, 1978; Boolos, 1979b; Boolos, 1993]) for IPC
was already related to a real mathematical model of provability, that of
Gödel’s arithmetical provability predicate. Still that semantics involved neither individual proofs nor operations on them. It is highly non-constructive
since realizability in that model has a hyperarithmetical complexity, which
is far from the BHK -semantics.
A certain summary of attempts to build a BHK -semantics was presented
in [Weinstein, 1983]:
“The interpretation of intuitionistic theories in terms of the notions of proof and construction ... has yet, however, failed to
receive a definitive formulation.”
A survey [van Dalen, 1986] says:
“The intended interpretation of intuitionistic logic as presented
by Heyting [i.e. the BHK -semantics, A.& B.]... so far has proved
to be rather elusive. ”
Kolmogorov and Gödel’s approach. Kolmogorov’s idea of 1932 was
to develop a joint logic of propositions and “problem solutions” in the usual
classical mathematics and then to interpret in this framework the intuitionistic logic without references to specific intuitionistic foundations. A short
note [Kolmogorov, 1985] said:
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“The paper [Kolmogoroff, 1932] was written with the hope that
the logic of solutions of problems would later become a regular part of courses on logic. It was intended to construct a
unified logical apparatus dealing with objects of two types—
propositions and problems.”
[Kolmogoroff, 1932] operated with an informal notion of problem solution
which left a possibility of considering different mathematical models of it.
However, since 1980s the provability reading of Kolmogorov’s “problem
solution” has become widely accepted (cf. [Troelstra and van Dalen, 1988;
van Dalen, 1994; Troelstra, 1998; Troelstra and Schwichtenberg, 1996]).
There was a good reason for that. In mathematical logic there is one canonical model of the notions of problem and problem solution: a formula in an
appropriate formal mathematical theory (for example, Peano arithmetic, or
Zermelo-Frenkel set theory, etc.) and its formal proof in the given theory.
An approach to explain intuitionistic logic from the point of view of
classical provability may be found in Gödel’s works. As it was mentioned
earlier, formalizing Brouwer’s understanding of logical truth as provability,
Gödel defines translation tr (F ) of propositional formula F in the intuitionistic language into the language of classical logic with modality 2, namely
(in an equivalent formulation) tr (F ) is obtained by 2’ing every subformula
of formula F . Informally speaking, the usual procedure of determining the
classical truth by parsing the syntactic tree of a formula, when applied to
tr (F ) will, for each new subformula of F , test its provability rather than
truth, in agreement with Brouwer’s ideas. It was established in [Gödel, 1933;
McKinsey and Tarski, 1948] that such a translation provides a proper embedding of intuitionistic logic IPC into S4, i.e. into classical logic extended
by the provability operator. Therefore the initial problem of defining IPC
in terms of classical provability was reduced to finding an exact provability
model for S4. Gödel noticed that the straightforward reading of 2F as “F
is provable in a given formal theory” is inconsistent with S4 because formal
provability is not reflexive. In a lecture in Vienna in 1938 Goedel revisited
this problem and pointed out
“. . . I supplemented the usual propositional calculus with B (“is
provable in the absolute sence”), and axioms [S4 axioms are
listed]. Intuitionism is derivable from this. A curious result,
although these axioms are all extraordinary plausible: nevertheless propositions about B are derivable from them which are
surely false for every defined B . . . ”
In the same lecture Gödel suggested using the format of explicit proofs t is a
proof of F for interpreting his provability calculus S4, thus turning to BHKstyle semantics of IPC. The definitive solution of this problem in [Artemov,
1995] was found along this way.
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A compact survey of studies on provability semantics for S4 may be found
in [Artemov, 2001]. Here is a partial list of books and papers that discussed
this matter: [Lemmon, 1957; Myhill, 1960; Kripke, 1963; Montague, 1963;
Mints, 1974; Kuznetsov and Muravitsky, 1977; Goldblatt, 1978; Boolos,
1979b; Myhill, 1985; Shapiro, 1985b; Shapiro, 1985a; Kuznetsov and Muravitsky, 1986; Artemov, 1990; Buss, 1990; Boolos, 1993].

11.1 The logic of proofs: formal system
The results presented is Section 11 all came from [Artemov, 1995; Artemov,
2001], unless stated otherwise.
DEFINITION 190. The language of logic of proofs LP contains
• the language of classical propositional logic which includes propositional variables, truth constants >, ⊥, and boolean connectives
• proof variables x0 , . . . , xn , . . ., proof constants a0 , . . . , an , . . .
• function symbols: monadic !, binary · and +
• operator symbol of the type “term : formula”.
We will use a, b, c, . . . possibly with indices for proof constants, x, y, z, . . .
for proof variables, i, j, k, l, m, n for natural numbers. Terms are defined by
the grammar
t ::= x | a | !t | t1 · t2 | t1 + t2
We call these terms proof polynomials and denote them by p,r,s. . .. Constants correspond to proofs of a finite fixed set of axiom schemas. We will
omit “·” whenever it is safe. We also assume that p·r·s . . . should be read
as (. . . ((p · r) · s) . . .), and p + r + s . . . as (. . . ((p + r) + s) . . .).
Using t to stand for any term and S for any propositional letter, > or ⊥,
formulas are defined by the grammar
F ::= S | F1 → F2 | F1 ∧F2 | F1 ∨F2 | ¬F | t : F
We will use A, B, C, F, G, H for the formulas in this language, and Γ, ∆, . . .
for the finite sets of formulas unless otherwise explicitly stated. We will
also use ~x, ~y , ~z, . . . and p~, ~r, ~s, . . . for vectors of proof variables and proof
polynomials respectively. If ~sW
= (s1 , . . . , sn ) and Γ V
= (F1 , . . . , Fn ), then ~s : Γ
denotes (s1 : F1 , . . . , sn : Fn ), Γ = F1 ∨ . . . ∨ Fn , Γ = F1 ∧ . . . ∧ Fn . We
assume the following precedences from highest to lowest: !, ·, +, :, ¬, ∧, ∨, →.
We will use the symbol = in different situations, both formal and informal.
Symbol ≡ denotes syntactical identity, pEq is the Gödel number of E, |s|
is the length of s, i.e. the total number of symbols in s. We will skip the
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Gödel number symbol “pq” inside proof formulas and provability formulas
(such as Prf, Proof, etc.) when it is safe.
The intended semantics for p : F is “p is a proof of F ”, which will be
formalized in the next section. Note that proof systems which provide a
semantics for p : F are multi-conclusion ones, i.e. p may be a proof of
several different F ’s.
We define the system LP0 in the language of LP.
Axiom schemes:
A0. Finite set of axiom schemes of classical propositional logic
A1. t : F → F (reflection)
A2. t : (F → G) → (s : F → (t·s) : G) (application)
A3. t : F → !t : (t : F ) (proof checker )
A4. s : F → (s+t) : F ,

t : F → (s+t) : F (union)

Rule of inference:
R1. ϕ, ϕ → ψ/ψ (modus ponens).
The system LP is LP0 plus the rule
R2. A ` c : A, if A is an axiom A0 – A4, and c a proof constant
(axiom necessitation)
A Constant Specification (CS) is a finite set of formulas c1 : A1 , . . . , cn : An
such that ci is a constant, and Ai an axiom A0 – A4. CS is injective if for
each constant c there is at most one formula c : A ∈ CS (each constant denotes a proof of not more than one axiom). Each derivation in LP naturally
generates the CS consisting of all formulas introduced in this derivation by
the axiom necessitation rule. For a constant specification CS, by LP(CS)
we mean LP0 plus formulas from CS as additional axioms.
Atomic constant terms (combinators) of typed combinatory logic (cf.
[Troelstra and Schwichtenberg, 1996]) may be regarded as proof constants.
The combinator kA,B of the type A → (B → A) can be identified with a
constant a specified as a : (A → (B → A)). The combinator sA,B,C of the
type (A → (B → C)) → ((A → B) → (A → C)) corresponds to a constant b
such that b : [(A → (B → C)) → ((A → B) → (A → C))]. Term variables of
combinatory logic may be regarded as proof variables in LP, application as
operation “·”. A combinatory term t of the type F is represented in LP by
an formula t : F . Typed combinatory logic CL→ corresponds to a fragment
of LP consisting of formulas of the sort t : F where t contains no operations
other than “·” and F is a formula built from the propositional letters by
“→” only.
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There is no restriction on the choice of a constant c in R2 within a given
derivation. In particular, R2 allows us to introduce a formula c : A(c), or
to specify a constant several times as a proof of different axioms from A0 –
A4. One might restrict LP to injective constant specifications only without
changing the ability of LP to emulate modal logic, or the functional and
arithmetical completeness theorems for LP (below). On the other hand, LP
allows us to choose the same constant in R2 all the time.
Both LP0 and LP enjoy the deduction theorem
Γ, A ` B

⇒

Γ ` A → B,

and the substitution lemma: If Γ(x, P ) ` B(x, P ), then for any t, F
Γ(x/t, P/F ) ` B(x/t, P/F ).
Obviously,
F is derivable in LP with
a constant specification CS

iff

LP(CS) ` F

iff

LP0 `

V

CS → F .

LEMMA 191 (Lifting lemma). If ~s : Γ, ∆ `LP F , then there is a proof
polynomial t(~x, ~y ) such that
~s : Γ, ~y : ∆ `LP t(~s, ~y ) : F.
Moreover, if the constant specification CS in the original derivation is injective then the resulting constant specification is also injective and extends
CS.
Proof. By induction on the derivation ~s : Γ, ∆ ` F . If F = s : G ∈ ~s : Γ,
then put t :=!s and use A3. If F = Dj ∈ ∆, then put t := yj . If F is
an axiom A0 – A4, then pick a fresh proof constant c and put t := c; by
R2, ` c : F . Let F be derived by modus ponens from G → F and G. Then,
by the induction hypothesis, there are proof polynomials u(~s, ~y ) and v(~s, ~y )
such that u : (G → F ) and v : G are both derivable from ~s : Γ, ~y : ∆. By A2,
~s : Γ, ~y : ∆ ` (u · v) : F , and we put t := u · v. If F is derived by R2, then
F = c : A for some axiom A. Use the same R2 followed by A3: c : A → !c : c : A
and modus ponens to get !c : F , and put t :=!c.
¥
It is easy to see from the proof that the lifting polynomial t is nothing
but a blueprint of a given derivation of F . Thus, LP internalizes its own
proofs as proof terms.
COROLLARY 192 (Internalization property for LP). If
A1 , . . . , An ` B ,
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then it is possible to construct a proof polynomial t(x1 , . . . , xn ) depending
on fresh variables x1 , . . . , xn , such that
x1 : A1 , . . . , xn : An ` t(x1 , . . . , xn ) : B .
One might notice that the Curry-Howard isomorphism covers only a simple instance of the internalization property when all of A1 , . . . , An , B are
purely propositional formulas without proof terms.
COROLLARY 193 (Necessitation rule for LP).
`F

⇒ ` p : F for some ground proof polynomial p .

Example below shows how to derive in LP vs. S4. Note, that LP suffices to
emulate all S4-derivations, as it will be shown in Theorem 198.
EXAMPLE 194. We first derive 2A∨2B → 2(2A∨2B) in S4.
1.
2.
3.
4.
5.
6.

2A → 2A ∨ 2B, 2B → 2A ∨ 2B, axioms;
2(2A → 2A ∨ 2B), 2(2B → 2A ∨ 2B), by necessitation, from 1;
2A → 22A, 2B → 22B, axioms;
22A → 2(2A∨2B), 22B → 2(2A∨2B), from 2;
2A → 2(2A∨2B), 2B → 2(2A∨2B), from 3, 4;
2A∨2B → 2(2A∨2B), from 5.

And here is the corresponding derivation in LP:
1. x : A → x : A∨y : B, y : B → x : A∨y : B, axioms;
2. a : (x : A → x : A∨y : B), b : (y : B → x : A∨y : B), constant specification;
3. x : A → !x : x : A, y : B → !y : y : B, axioms;
4. !x : x : A → (a·!x) : (x : A∨y : B), !y : y : B → (b·!y) : (x : A∨y : B), from 2;
5. x : A → (a·!x) : (x : A∨y : B), y : B → (b·!y) : (x : A∨y : B), from 3, 4;
50 . (a·!x) : (x : A∨y : B) → (a·!x +b·!y) : (x : A∨y : B), an axiom;
500 . (b·!y) : (x : A∨y : B) → (a·!x +b·!y) : (x : A∨y : B), an axiom;
6. x : A → (a·!x +b·!y) : (x : A∨y : B), from 5, 50
60 . y : B → (a·!x +b·!y) : (x : A∨y : B), from 5, 500 ;
600 . x : A∨y : B → (a·!x+b·!y) : (x : A∨y : B), from 6, 60 .
The operations “·” and “!” are present in single-conclusion as well as in
multi-conclusion proof systems. On the other hand, “+” is an operation for
multi-conclusion proof systems only. Indeed, by A4 we have s : F ∧ t : G →
(s+t) : F ∧ (s+t) : G, thus s + t proves both F and G. Proof theoretical
differences between single-conclusion and multi-conclusion proof systems are
mostly cosmetic. Usual proof systems (Hilbert or Gentzen -style) may be
considered as single-conclusion if one assumes that a proof derives only the
end formula (sequent) of a proof tree. On the other hand, the same systems
may be regarded as multi-conclusion by assuming that a proof derives all
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formulas assigned to the nodes of the proof tree. As we have seen from
the introduction, logical identities of single-conclusion proofs alone are not
compatible with normal modal logics. Hence, provability considered from
the modal point of view corresponds to possibly multi-conclusion proofs.
Note, that individual operators “t : ( )” in LP are not normal modalities
since they do not satisfy the property t : (P → Q) → (t : P → t : Q). This
makes LP essentially different from polymodal logics, e.g. the dynamic logic
of programs ([Kozen and Tiuryn, 1990]), where the modality is upgraded
by some additional features. Rather the modality in the logic of proofs has
been decomposed into a family of proof polynomials.

11.2 Realization of modal and intuitionistic logics by proof polynomials
The formulation of LP and above Example 194 left an impression that LP
was something like an explicit version of S4. The main idea of the logic of
proofs project was based on the observation that proof polynomials apparently denoted classical proof objects (cf. Subsection 11.3) and a hope that
LP indeed was capable of realizing derivations in S4 by recovering proof
polynomials for every occurrence of modality. It would immediately deliver
a realizability-style provability semantics for Gödel’s provability calculus S4
and hence a BHK-style semantics of proofs for intuitionistic propositional
calculus IPC. Both facts have been first established in [Artemov, 1995].
The inverse operation to realization of modalities of proof polynomials is
the forgetful projection of LP-formulas to the usual modal formulas obtained
by replacing all t : X’s by 2X’s. It is easy to see that the forgetful projection
of LP is S4-compliant. Let F o be the forgetful projection of F . By a
straightforward induction on a derivation in LP one could show that
LEMMA 195. If LP ` F , then S4 ` F o .
The goal of the current subsection is to establish the converse, namely
that LP suffices to realize any theorem of S4.
DEFINITION 196. By an LP-realization of a modal formula F we mean
an assignment of proof polynomials to all occurrences of the modality in F
along with a constant specification of all constants occurring in those proof
polynomials. By F r we understand the image of F under a realization r.
Positive and negative occurrences of modality in a formula and a sequent
are defined in the conventional way. Since we will be using sequent calculus
language in the realization algorithm below, we recall the polarity definition
for a modal formula F within a given sequent. Namely, (1) the indicated
occurrence of 2 in 2F is positive; (2) any occurrence of 2 from F in G→F ,
G∧F , F ∧G, G∨F , F ∨G, 2F and Γ ⇒ ∆, F has the same polarity as the
corresponding occurrence of 2 in F ; (3) any occurrence of 2 from F in ¬F ,
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F →G and F, Γ ⇒ ∆ has a polarity opposite to that of the corresponding
occurrence of 2 in F .
In a provability context 2F is intuitively understood as “there exists a
proof x of F”. After an informal skolemization, i.e. replacing quantifiers
by functions, all negative occurrences of 2 produce arguments of Skolem
functions, whereas positive ones give functions of those arguments. For
example, 2A → 2B should be read informally as
∃x“x is a proof of A” → ∃y “y is a proof of B”,
with the Skolem form
“x is a proof of A” → “f(x) is a proof of B”.
The following definition captures this feature.
DEFINITION 197. A realization r is called normal if all negative occurrences of 2 are realized by proof variables and the corresponding constant
specification is injective.
THEOREM 198. Given a derivation S4 ` F one could recover a normal
realization r such that LP ` F r
Proof. Consider a cut-free sequent formulation of S4 (cf. [Avron, 1984],
[Mints, 1974]), with sequents Γ ⇒ ∆, where Γ and ∆ are finite multisets of
modal formulas. Without loss of generality we may assume that axioms are
sequents of the form S ⇒ S, where S is a propositional letter, and the sequent ⊥ ⇒ . Along with the usual structural rules (weakening, contraction,
cut) and rules introducing boolean connectives there are also two proper
modal rules:
A, Γ ⇒ ∆
2A, Γ ⇒ ∆

2Γ ⇒ A

(2 ⇒)
and

(⇒ 2)

2Γ ⇒ 2A

(2{A1 , . . . , An } = {2A1 , . . . , 2An }).
Given S4 ` F one could find a cut-free derivation T of a sequent ⇒ F .
It suffices now to construct a normal realization
V
W r with an injective constant
specification CS such that LP(CS) ` Γr → ∆r for any sequent Γ ⇒ ∆
occurring in T . We will
V alsoWspeak about a sequent Γ ⇒ ∆ being derivable
in LP meaning LP ` Γ → ∆, or, equivalently, LPG ` Γ ⇒ ∆. Note that
all 2’s introduced by (⇒ 2) are positive, and all negative 2’s are introduced
by (2 ⇒) or by weakening.
In each rule in T every occurrence of 2 in the conclusion sequent of the
rule has one, two or none predecessors in premise sequents: two, if this
occurrence is in a contraction formula; none, if this 2 was just introduced
by a modal rule or a weakening; one in all other cases. We call these
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occurrences of 2 related and extend this relationship by transitivity. Hence,
all occurrences of 2 in T are naturally split into disjoint families of related
ones. Since cut-free derivations in S4 respect polarities, in any given family
either all 2’s are negative or all are positive. We call a family essential if it
contains at least one instance of the (⇒ 2) rule. Clearly, essential families
are all positive.
Now the desired r will be constructed by stages 1 – 3 described below.
We reserve a large enough set of proof variables as provisional variables.
Stage 1. For each negative family 2B or nonessential positive family we
pick a fresh proof variable x and replace all occurrences of 2B by “x : B”.
Stage 2. Pick an essential family f , enumerate all the occurrences of rules
(⇒ 2) which introduce boxes of this family. Let nf be the total number of
such rules for f . Replace all boxes of f by the polynomial
v1 + . . . + vnf ,
where vi ’s are fresh provisional variables. The resulting tree T 0 is labelled
by LP-formulas, since all 2’s have been replaced by proof polynomials.
Stage 3. Run a process going from the leaves of the tree to its root
which will update a constant specification CS and replace the provisional
variables by proof polynomials of the usual variables from stage (1) and
constants from CS as follows. By induction on the depth of a node in T 0 we
establish that after the process passes a node the sequent assigned to this
node becomes derivable in LP(CS) for a current CS.
At the initial moment CS is empty. The axioms S ⇒ S and ⊥ ⇒ are
derivable in LP0 . For every rule other than (⇒ 2) we change neither the
realization of formulas nor CS, and just notice that the concluding sequent
is provable in LP(CS) given that the premises are. It is easy to see that
every move down in the tree other than (⇒ 2) is provable in LP(CS).
Consider a rule (⇒ 2) of a family f , and let this rule have number i in
the numbering of all rules (⇒ 2) from a given family f . The corresponding
node in T 0 is labelled by
y1 : B1 , . . . , yk : Bk ⇒ B
y1 : B1 , . . . , yk : Bk ⇒ (u1 + . . . + unf ) : B ,
where y1 , . . . , yk are proof variables introduced in (1), u1 , . . . , unf are proof
polynomials, and ui is a provisional variable. By the induction hypothesis, the premise sequent y1 : B1 , . . . , yk : Bk ⇒ B is derivable in LP(CS).
By Lemma 191, construct a proof polynomial t(y1 , . . . , yn ) and extend the
constant specification to get a new injective CS such that
LP(CS) ` y1 : B1 , . . . , yk : Bk ⇒ t(y1 , . . . , yn ) : B.
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Since
LP0 ` t : B → (u1 +. . .+ui−1 +t+ui+1 +. . .+unf ) : B ,
LP(CS) ` y1 : B1 , . . ., yk : Bk ⇒ (u1 +. . .+ui−1 +t+ui+1 +. . .+unf ) : B.
Now substitute t(y1 , . . . , yn ) for ui everywhere in the derivation tree and
in the current CS. The latter remains injective after such a substitution,
though this operation may lead to constant specifications of the sort c : A(c)
where A(c) contains c.
Note that t(y1 , . . . , yn ) has no provisional variables, hence such a substitution is always possible. Moreover, after the substitution there is one
less provisional variable (namely ui ) left, which guarantees termination.
The conclusion of the rule (⇒ 2) under consideration becomes derivable in
LP(CS), and the induction step is complete.
Eventually, we substitute polynomials of non-provisional variables for all
provisional variables and build a realization of the root sequent of the proof
tree derivable in LP(CS). Obviously, the realization r built by this procedure
is normal.
¥
COROLLARY 199 (Realization of S4).
S4 ` F

⇔ LP ` F r for some realization r.

The realization algorithm above is in fact exponential in the length of a given
cut-free derivation of S4 mostly because of a repeating use of the Lifting
Lemma. A polynomial time realization algorithm was recently offered by
V. Brezhnev and R. Kuznets (not yet published).
Some S4-theorems admit essentially different realizations in LP. For example, among possible realizations of 2F ∨ 2F → 2F there are
x : F ∨y : F → (x + y) : F and x : F ∨x : F → x : F.
The former of these formulas is a meaningful specification of the operation
“+”, the latter one is a trivial tautology.
Modal formulas can be realized by some restricted classes of proof polynomials. For example, the standard realization of the S4-theorem (2A∨2B) →
2(A∨B) gives (x : A∨y : B) → (a·x + b·y) : (A∨B) with the injective constant
specification a : (A → A∨B), b : (B → A∨B). The same modal formula can be
realized in LP as (c : A ∨ c : B) → (c·c) : (A∨B) with the constant specification
c : (A → A ∨ B), c : (B → A ∨ B). However, the idea behind LP design has
been to keep its language reasonably general, since realization of S4 is not
the only job the logic of proofs has been created for.
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Standard provability semantics of LP

We shall work in PA. By ∆1 and Σ1 we mean the corresponding classes of
arithmetical predicates. We will use x, y, z to denote individual variables in
arithmetic and hope that the reader is able to distinguish them from the
proof variables.
DEFINITION 200. We assume here that PA contains terms for all primitive
recursive functions (cf. [Smoryński, 1985], [Takeuti, 1975]), called primitive
recursive terms. Formulas f (~x) = 0 where f (~x) is a primitive recursive
term are standard primitive recursive formulas. A standard Σ1 -formula is a
formula ∃xϕ(x, ~y ) where ϕ(x, ~y ) is a standard primitive recursive formula.
An arithmetical formula ϕ is provably Σ1 if it is provably equivalent in PA
to a standard Σ1 -formula; ϕ is provably ∆1 iff both ϕ and ¬ϕ are provably
Σ1 . Sometimes, we will omit a Gödel number symbol and write ϕ instead
of pϕq when safe.
DEFINITION 201. A proof predicate is a provably ∆1 -formula Prf(x, y)
such that for every arithmetical sentence ϕ
PA ` ϕ iff for some n ∈ ω, Prf(n, pϕq) holds.
Prf(x, y) is normal if it satisfies the following two conditions:
1) (finiteness of proofs) For any k, the set T (k) = {l | Prf(k, l)} is finite.
The function from k to the code of T (k) is computable.
2) (conjoinability of proofs) For any k and l, there is n such that
T (k) ∪ T (l) ⊆ T (n).
The conjoinability property yields that normal proof predicates are multiconclusion ones.
EXAMPLE 202. The natural arithmetical proof predicate Proof(x, y)
“x is the code of a derivation containing a formula with the code y”.
is the standard example of a normal proof predicate.
Note, that every normal proof predicate can be transformed into a singleconclusion one by straightforwardly changing from
“p proves F1 , . . . , Fn ”

to

“(p, i) proves Fi , i = 1, . . . , n”.

Moreover, every single-conclusion proof predicate may be regarded as normal multi-conclusion, e.g. by reading
“p proves F1 ∧ . . . ∧Fn ”

as

“p proves each of Fi , i = 1, . . . , n”.
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PROPOSITION 203. For every normal proof predicate Prf there are computable functions m(x, y), a(x, y) and c(x) such that for all arithmetical
formulas ϕ, ψ and all natural numbers k, n the following formulas are valid:
Prf(k, ϕ → ψ) ∧ Prf(n, ϕ) → Prf(m(k, n), ψ)
Prf(k, ϕ) → Prf(a(k, n), ϕ),

Prf(n, ϕ) → Prf(a(k, n), ϕ)

Prf(k, ϕ) → Prf(c(k), Prf(k, ϕ)).
Proof. For example, the following function can be taken as m:
m(k, n) = µz.“Prf(z, ψ) holds for all ψ such that there are
pϕ → ψq ∈ T (k) and pϕq ∈ T (n)” .
Likewise, for a one could take
a(k, n) = µz.T (k) ∪ T (n) ⊆ T (z).
Finally, c may be given by
c(k) = µz.“Prf(z, Prf(k, ϕ)) for all pϕq ∈ T (k)”.
Such a z always exists. Indeed, Prf(k, ϕ) is a true ∆1 -sentence for every
pϕq ∈ T (k), therefore they are all provable in PA. Use conjoinability to find
a uniform proof of all of them.
¥
DEFINITION 204. An arithmetical interpretation ∗ of the LP-language has
the following parameters:
• a normal proof predicate Prf with the functions m(x, y), a(x, y) and
c(x) as in Proposition 203,
• an evaluation of propositional letters by sentences of arithmetic,
• an evaluation of proof variables and constants by natural numbers.
Let ∗ commute with boolean connectives,
(t·s)∗ = m(t∗ , s∗ ),

(t + s)∗ = a(t∗ , s∗ ),

(!t)∗ = c(t∗ ),

(t : F )∗ = Prf(t∗ , pF ∗ q).
Under an interpretation ∗ a proof polynomial t becomes the natural number
t∗ , an LP-formula F becomes the arithmetical sentence F ∗ . A formula
(t : F )∗ is always provably ∆1 . For a set X of LP-formulas by X ∗ we mean
the set of all F ∗ ’s such that F ∈ X. Given a constant specification CS, an
arithmetical interpretation ∗ is a CS-interpretation, if all formulas from CS∗
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are true (equivalently, are provable in PA). An LP-formula F is valid (with
respect to the arithmetical semantics), if F ∗ is true under all interpretations
∗. F is provably valid if PA ` F ∗ for any interpretation ∗. F is valid under
constant specification CS, if F ∗ is true under all CS -interpretations ∗. F
is provably valid under constant specification CS, if PA ` F ∗ for any CS
-interpretation ∗. It is obvious that provably valid yields valid.
PROPOSITION 205 (Arithmetical soundness of LP0 ).
If LP0 ` F then F is provably valid (hence, valid).
Proof. A straightforward induction on the derivation in LP0 . Let us check
the axiom t : F → F . Under an interpretation ∗
(t : F → F )∗ ≡ Prf(t∗ , F ∗ ) → F ∗ .
Consider two possibilities. Either Prf(t∗ , F ∗ ) is true, in which case t∗ is
indeed a proof of F ∗ , thus, PA ` F ∗ and PA ` (t : F → F )∗ . Otherwise
Prf(t∗ , F ∗ ) is false, in which case being a false ∆1 -formula it is refutable in
PA. Hence, PA ` ¬Prf(t∗ , F ∗ ) and again PA ` (t : F → F )∗ .
¥
COROLLARY 206 (Arithmetical soundness of LP).
LP(CS) ` F ⇒ F is provably valid under the constant specification CS.
The above provability semantics for LP may be characterized as a call-byvalue semantics, since the evaluation F ∗ of a given LP-formula F depends
upon the value of participating functions. A different call-by-name provability semantics for LP was introduced in [Artemov, 1995] and then used
in [Krupski, 1997], [Sidon, 1997]. In the latter semantics, F ∗ depends upon
the particular programs for the functions participating in ∗.
Following [Artemov, 2001], we proceed with establishing an arithmetical
completeness of the logic of proofs by building a decidable version of the
canonical model for LP and then embedding this model into PA. As a side
product we will get normalization theorem for a Gentzen-style formulation
of LP.

11.4 A sequent formulation of logic of proofs
As before, by a sequent we mean a pair Γ ⇒ ∆, where Γ and ∆ are finite
multisets of LP-formulas. For Γ, F we mean Γ ∪ {F }. Without loss of
generality we assume a boolean basis → , ⊥ and treat the remaining boolean
connectives as definable ones.
Axioms of LPG
0 are sequents of the form Γ, F ⇒ F, ∆ and Γ, ⊥ ⇒ ∆.
Along with the usual Gentzen sequent rules of classical propositional logic,
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including the cut and contraction rules (e.g. like G2c from [Troelstra and
Schwichtenberg, 1996]), the system LPG
0 contains the rules
A, Γ ⇒ ∆

Γ ⇒ ∆, t : A

(: ⇒ )

t : A, Γ ⇒ ∆

( ⇒ !)

Γ ⇒ ∆, !t : t : A
Γ ⇒ ∆, t : A

Γ ⇒ ∆, t : A

( ⇒ +)
Γ ⇒ ∆, (t + s) : A

( ⇒ +)
Γ ⇒ ∆, (s + t) : A

Γ ⇒ ∆, s : (A → B)

Γ ⇒ ∆, t : A

( ⇒ ·)

Γ ⇒ ∆, (s · t) : B

The system LPG is LPG
0 plus the rule
Γ ⇒ A, ∆

( ⇒ c),

Γ ⇒ c : A, ∆
where A is an axiom A0 – A4 of LP, and c is a proof constant.
LPG− and LPG−
are the corresponding systems without the rule Cut.
0
By a straightforward induction both ways it is easy to establish
V
W
PROPOSITION 207. LPG
Γ
⇒
∆
iff
LP
`
Γ
→
∆,
0
0 `
V
W
LPG ` Γ ⇒ ∆ iff LP ` Γ → ∆.
COROLLARY 208. LP(CS) ` F

iff

LPG
0 ` CS ⇒ F .

DEFINITION 209. The sequent Γ ⇒ ∆ is saturated if
1. A → B ∈ Γ implies B ∈ Γ or A ∈ ∆,
2. A → B ∈ ∆ implies A ∈ Γ and B ∈ ∆,
3. t : A ∈ Γ implies A ∈ Γ,
4. !t : t : A ∈ ∆ implies t : A ∈ ∆,
5. (s + t) : A ∈ ∆ implies s : A ∈ ∆ and t : A ∈ ∆
6. (s · t) : B ∈ ∆ implies for each X → B occurring as a subformula in
Γ, ∆ either s : (X → B) ∈ ∆ or t : X ∈ ∆.
LEMMA 210 (Saturation lemma). Suppose LPG−
6` Γ ⇒ ∆. Then there
0
exists a saturated sequent Γ0 ⇒ ∆0 such that
1. Γ ⊆ Γ0 , ∆ ⊆ ∆0 ,
2. Γ0 ⇒ ∆0 is not derivable in LPG−
0 .
Proof. Run a straightforward saturation algorithm, prove its termination
([Artemov, 2001]).
¥
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Note that in a saturated sequent Γ ⇒ ∆ which is not LPG−
0 -derivable the
set Γ is closed under the rules t : X/X and X → Y, X/Y .
LEMMA 211 (Completion Lemma). For each saturated sequent Γ ⇒ ∆ not
e (a completion of Γ ⇒ ∆)
there is a set of LP-formulas Γ
derivable in LPG−
0
such that
e is decidable, for each t the set I(t) = {X | t : X ∈ Γ}
e is finite and a
1. Γ
20
21
function from a code of t to a code of I(t) is computable,
e ∆∩Γ
e = ∅,
2. Γ ⊆ Γ,
e then X ∈ Γ,
e
3. if t : X ∈ Γ,
e and t : X ∈ Γ,
e then (s · t) : Y ∈ Γ,
e
4. if s : (X → Y ) ∈ Γ
e
e
5. if t : X ∈ Γ, then !t : t : X ∈ Γ,
e then (t + s) : X ∈ Γ
e and (s + t) : X ∈ Γ.
e
6. if t : X ∈ Γ,
Proof. By a straightforward completion algorithm ([Artemov, 2001]).

¥

11.5 Completeness theorems
In this section we establish completeness and cut-elimination theorems for
the logic of proofs.
THEOREM 212. The following are equivalent
1.
2.
3.
4.
5.

LPG−
` Γ ⇒ ∆,
0
LPG
`
0
VΓ ⇒ ∆,
W
LP
`
0
V
WΓ → ∆,
V Γ → W ∆ is provably valid in arithmetic,
Γ → ∆ is valid in arithmetic.

Proof. The steps from 1 to 2 and from 4 to 5 are trivial. The step from
2 to 3 follows from Proposition 207 and the step from 3 to 4 follows from
Proposition 205. It suffices now to prove that 1 follows from 5. We assume
“not 1” and establish “not 5”. Suppose LPG−
6` Γ ⇒ ∆. Our
now will
0
V aim W
be to construct an arithmetical interpretation ∗ such that ( Γ → ∆)∗ is
false in the standard arithmetical sense.
From Lemma 210 get a saturated sequent Γ0 ⇒ ∆0 , and then perform a
completion (Lemma 211) to get a set of formulas Γe0 .
We define the desired interpretation ∗ on propositional letters Si , proof
variables xj and proof constants aj first. We assume that Gödel numbering
of the joint language of LP and PA is injective, i.e.
pE1 q = pE2 q
20 For
21 For

↔

E1 ≡ E2

example, the Gödel number of t.
example, the code of the finite set of Gödel numbers of formulas from I(t).
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for any expressions E1 , E2 , and that 0 is not a Gödel number of any expression. For a propositional letter S, proof variable x and proof constant
a let
(
pSq = pSq, if S ∈ Γe0
∗
S =
x∗ = pxq,
a∗ = paq.
pSq = 0,
if S 6∈ Γe0 ,
The remaining parts of ∗ are constructed by an arithmetical fixed point
equation below.
For any arithmetical formula Prf(x, y) define an auxiliary translation † of
proof polynomials to numerals and LP-formulas to PA-formulas such that
S † = S ∗ for any propositional letter S, t† = ptq for any proof polynomial t,
†
(t : F ) = Prf(t† , pF † q), and † commutes with the propositional connectives.
It is clear that if Prf(x, y) contains quantifiers, then † is injective, i.e.
†
F ≡ G† yields F ≡ G. Indeed, from F † ≡ G† it follows that the principal
†
†
connectives in F and G coincide. We consider one case: (F1 → F2 ) ≡ (s : G)
†
is impossible. Since (s : G) ≡ Prf(k, n) for the corresponding k and n, this
†
formula contains quantifiers. Therefore, the formula (F1 → F2 ) ≡ F1 † →
F2 † also contains quantifiers and thus contains a subformula of the form
†
Prf(k1 , n1 ). However, (s : G) ≡ F1 † → F2 † is impossible, since the numbers
of logical connectives and quantifiers in both parts of ≡ are different. Now
the injectivity of † can be shown by an easy induction on the construction of
an LP-formula. Moreover, one can construct primitive recursive functions
f and g such that
f (pBq, pPrfq) = pB † q,

g(pB † q, pPrfq) = pBq.

Let (Proof, ⊗, ⊕, ⇑) be the standard multi-conclusion proof predicate from
Example 202, with ⊗ standing for “application”, ⊕ for “union” and ⇑
for “proof checker” operations associated with Proof. In particular, for
any arithmetical formulas ϕ, ψ and any natural numbers k, n the following
arithmetical formulas are true:
Proof(k, ϕ → ψ) ∧ Proof(n, ϕ) → Proof(k ⊗ n, ψ)
Proof(k, ϕ) → Proof(k ⊕ n, ϕ)
Proof(n, ϕ) → Proof(k ⊕ n, ϕ)
Proof(k, ϕ) → Proof(⇑k, Proof(k, ϕ)).
Without loss of generality we assume that Proof(ptq, k) is false for any proof
polynomial t and any k ∈ ω.
Let ϕ(~y , z) be a provably Σ1 arithmetical formula. Without loss of generality we assume that ϕ(~y , z) is provably equivalent to ∃xψ(x, ~y , z), for some
~
provably ∆1 -formula ψ(x, ~y , z). By µz.ϕ(~y , z) we mean a function z = f (y)
that, given ~y ,
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1. Calculates the first pair of natural numbers (k, l) such that ψ(k, ~y , l)
holds;
2. Puts z = l.
It is clear that µz.ϕ(~y , z) is computable (though not necessarily total).
By the fixed point argument we construct a formula Prf(x, y) such that
PA proves the following fixed point equation (FPE):
Prf(x, y) ↔

Proof(x, y) ∨
(“x = ptq for some t and y = pB † q for some B ∈ I(t)”)

The arithmetical formula “. . .” above describes a primitive recursive procedure: given x and y recover t and B such that x = ptq and y = pB † q,
then verify B ∈ I(t). From FPE it is immediate that Prf is a provably
∆1 -formula, since Proof(x, y) is provably ∆1 . It also follows from FPE that
PA ` ψ yields Prf(k, ψ), for some k ∈ ω.
We define the arithmetical formulas M (x, y, z), A(x, y, z), C(x, z) as follows. Here s, t denote proof polynomials.
M (x, y, z) ↔ (“x = psq and y = ptq for some s and t” ∧ z = ps · tq)
∨
(“x = psq forVsome s and y 6= ptq for any t” ∧
∃v[“v = µw.( {Proof(w, B † ) | B ∈ I(s)})” ∧ z = v ⊗ y])
∨
(“x 6= psq forVany s and y = ptq for some t” ∧
∃v[“v = µw.( {Proof(w, B † ) | B ∈ I(t)})” ∧ z = x ⊗ v])
∨
(“x 6= psq and y 6= ptq for any s and t” ∧ z = x ⊗ y)
A(x, y, z) ↔ (“x = psq and y = ptq for some s and t” ∧ z = ps + tq)
∨
(“x = psq forVsome s and y 6= ptq for any t” ∧
∃v[“v = µw.( {Proof(w, B † ) | B ∈ I(s)})” ∧ z = v ⊕ y])
∨
(“x 6= psq forVany s and y = ptq for some t” ∧
∃v[“v = µw.( {Proof(w, B † ) | B ∈ I(t)})” ∧ z = x ⊕ v])
∨
(“x 6= psq and y 6= ptq for any s and t” ∧ z = x ⊕ y)
C(x, z) ↔ ( “x = ptq for some t”∧z = p!tq)
∨
(“x 6= ptq forVany t” ∧
∃v[“v = µw.( {Proof(w, Proof(t, ϕ) → Prf(t, ϕ)) |
ϕ ∈ T (t)})” ∧ z = v⊗ ⇑x])
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Here each of “. . .” denotes a natural arithmetical formula representing in
PA the corresponding condition. Note that in the definitions of M (x, y, z),
A(x, y, z) and C(x, z) above, all the functions of sort µw.ϕ are computable,
since all the corresponding ϕ’s are ∆1 . Therefore, M (x, y, z), A(x, y, z) and
C(x, z) are provably Σ1 . Let
m(x, y) := µz.M (x, y, z), a(x, y) := µz.A(x, y, z), c(x) := µz.C(x, z).
As follows from the above, the functions m(x, y), a(x, y) and c(x) are computable. Moreover, Lemma 217 below yields that these functions are total.
We continue defining the interpretation ∗. Let Prf for ∗ be the one from
FPE, and the functions m(x, y), a(x, y) and c(x) are as above.
LEMMA 213. a) t∗ = t† for any proof polynomial t,
b) B ∗ ≡ B † for any LP-formula B.
Proof. a) Induction on the construction of a proof polynomial. Base cases
are covered by the definition of the interpretation ∗. For the induction step
note that according to the definitions, the following equalities are provable
in PA:
†
(s · t)∗ = m(s∗ , t∗ ) = m(psq, ptq) = ps · tq = (s · t) ,
†

(s + t)∗ = a(s∗ , t∗ ) = a(psq, ptq) = ps + tq = (s + t) ,
†

(!t)∗ = c(t∗ ) = c(ptq) = p!tq = (!t) .
b) By induction on B. The atomic case when B is a propositional letter
holds by the definitions. If B is t : F , then (t : F )∗ ≡ Prf(t∗ , F ∗ ). By
a), t∗ = t† . By the induction hypothesis, F ∗ ≡ F † which yields pF ∗ q =
†
pF † q. Therefore Prf(t∗ , F ∗ ) ≡ Prf(t† , F † ) ≡ (t : F ) . The inductive steps
are trivial.
¥
COROLLARY 214. The mapping ∗ is injective on terms and formulas of
LP. In particular, for all expressions E1 and E2 ,
E1 ∗ = E2 ∗

⇒

E1 ≡ E2 .

∗

COROLLARY 215. X is provably ∆1 , for any LP-formula X .
Indeed, if X is atomic, then X ∗ is provably ∆1 by the definition of ∗. If X
is t : Y , then (t : Y )∗ is Prf(t∗ , Y ∗ ). By Lemma 213,
PA ` Prf(t∗ , Y ∗ ) ↔ Prf(t, Y ∗ ).
The latter formula is provably ∆1 , therefore (t : Y )∗ is provably ∆1 . Since
the set of provably ∆1 -formulas is closed under boolean connectives, X ∗ is
provably ∆1 for each X.
LEMMA 216. If X ∈ Γe0 , then PA ` X ∗ . If X ∈ ∆0 , then PA ` ¬X ∗ .
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Proof. By induction on the length of X. Base case, i.e. X is atomic or
X = t : Y . Let X be atomic. By the definition of ∗, X ∗ is true iff X ∈ Γe0 . Let
X = t : Y and t : Y ∈ Γe0 . Then PA ` “Y ∈ I(t)”. By FPE, PA ` Prf(t, Y † ).
By Lemma 213, PA ` Prf(t∗ , Y ∗ ). Therefore PA ` (t : Y )∗ .
If t : Y ∈ ∆0 , then t : Y 6∈ Γe0 and “Y ∈ I(t)” is false. The formula
Proof(t∗ , Y ∗ ) is also false, since t∗ is ptq (by Lemma 213) and Proof(t, k)
is false for any k by assumption. By FPE, (t : Y )∗ is false. Since (t : Y )∗ is
provably ∆1 (Lemma 215), PA ` ¬(t : Y )∗ .
The induction steps corresponding to boolean connectives are standard
and based on the saturation properties of Γ0 ⇒ ∆0 . For example, let X =
Y → Z ∈ Γe0 . Then Y → Z ∈ Γ0 , and, by Definition 209, Y ∈ Γ0 or Z ∈ ∆0 .
By the induction hypothesis, Y ∗ is true or Z ∗ is false, thus, (Y → Z)∗ is
true, etc.
¥
LEMMA 217. PA ` ϕ ⇔ Prf(n, ϕ) for some n ∈ ω.
Proof. It remains to establish (⇐). Let Prf(n, ϕ) hold, for some n ∈ ω.
By FPE, either Proof(n, ϕ) holds or pϕq = pB † q, for some B such that
t : B ∈ Γe0 . In the latter case by the saturation property of Γe0 , B ∈ Γe0 . By
Lemma 216, PA ` B ∗ . By the injectivity of the Gödel numbering, ϕ ≡ B † .
By Lemma 213, ϕ ≡ B ∗ . Therefore PA ` ϕ.
¥
LEMMA 218. For all arithmetical formulas ϕ, ψ and natural numbers k, n,
the following is true
a) Prf(k, ϕ → ψ) ∧ Prf(n, ϕ) → Prf(m(k, n), ψ);
b) Prf(k, ϕ) → Prf(a(k, n), ϕ),

Prf(n, ϕ) → Prf(a(k, n), ϕ);

c) Prf(k, ϕ) → Prf(c(k), Prf(k, ϕ)).
Proof. a) Assume Prf(k, ϕ → ψ) and Prf(n, ϕ) . There are four possibilities.
i) Neither of k, n is a Gödel number of a proof polynomial. By FPE, both
Proof(n, ϕ) and Proof(k, ϕ → ψ) hold, so Proof(k ⊗ n, ψ) also does.
ii) Both k and n are equal to Gödel numbers of some proof polynomials,
say k = psq and n = ptq. By FPE, ϕ is F ∗ and ψ is G∗ for some LP-formulas
F, G such that F → G ∈ I(s) and F ∈ I(t). By the closure property of Γe0
(Lemma 211(4)), G ∈ I(s · t). By FPE, Prf(s · t, G∗ ). By Lemma 213 and
by definitions, PA proves that
ps · tq = (s · t)∗ = m(s∗ , t∗ ) = m(psq, ptq)m(k, n).
Thus, m(k, n) = ps · tq and Prf(m(k, n), ψ) is true.
iii) k is not equal to the Gödel number of a proof polynomial, n = ptq for
some proof polynomial t. By FPE, Proof(k, ϕ → ψ) and ϕ ≡ F † for some
LP-formula F such that F ∈ I(t). Compute the number
^
l = µw.( {Proof(w, B † ) | B ∈ I(t)})
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by the following method. Take I(t) = {B1 , . . . , Bl }. By definition, Bi ∈
Γe0 , i = 1, . . . , l. By Lemma 216, PA ` Bi ∗ for all i = 1, . . . , l. By
Lemma 213, PA ` Bi † for all i = 1, . . . , l. By the conjoinability property of Proof there exists w such that Proof(w, Bi † ) for all i = 1, . . . , l. Let
j be the least such w. In particular, Proof(j, F † ). By the definition of ⊗,
Proof(k ⊗ j, ψ). By the definition of M , PA ` m(k, n) = k ⊗ j, therefore
Proof(m(k, n), ψ) holds.
Case iv): “s is a Gödel number of a proof polynomial, but t is not a
Gödel number of any proof polynomial” is similar to (iii).
Part (b) can be checked in the same way as (a).
c) Given Prf(k, ϕ) there are two possibilities.
i) k = ptq for some proof polynomial t. By FPE, ϕ ≡ F † for some F
such that F ∈ I(t). By the closure property from Lemma 211(5) of Γe0 ,
!t : t : F ∈ Γe0 . By Lemma 216, (!t : t : F )∗ holds. By definitions,
(!t : t : F )∗ ≡ Prf(c(t∗ ), Prf(t∗ , F ∗ )).
By Lemma 213, t∗ = ptq and F ∗ ≡ F † . Therefore t∗ = k, F ∗ ≡ ϕ and
Prf(c(k), Prf(k, ϕ)).
ii) k 6= ptq for any proof polynomial t. By FPE, Proof(k, ϕ) holds. By
definition of the proof checking operation ⇑ for Proof,
Proof(⇑k, Proof(k, ϕ)).
By the definition of C, in this case PA ` c(k) = l ⊗ ⇑k where l equals
^
µw. {Proof(w, Proof(k, ψ) → Prf(k, ψ)) | Proof(k, ψ)}.
By the definition of l,
Proof(l, Proof(k, ϕ) → Prf(k, ϕ)).
Therefore
Proof(l ⊗ ⇑k, Prf(k, ϕ)).
By FPE,
Prf(l ⊗ ⇑k, Prf(k, ϕ)),
therefore
Prf(c(k), Prf(k, ϕ)).
¥
LEMMA 219. The normality conditions for Prf are fulfilled.
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Proof. By FPE, Prf is provably ∆1 . It follows from FPE and Lemma 217
that for any arithmetical sentence ϕ
PA ` ϕ if and only if Prf(n, ϕ) holds for some n.
Finiteness of proofs. For each k, the set
T (k) = {l | Prf(k, l)}
is finite. Indeed, if k is a Gödel number of a proof polynomial, we can
use the finiteness of I(t); otherwise we use the normality of Proof. An
algorithm for the function from k to the code of T (k) for Prf can be easily
constructed from those for Proof, and from the decision algorithm for I(t),
Lemma 211(1).
Conjoinability of proofs for Prf is realized by the function a(x, y), since by
Lemma 218,
T (k) ∪ T (n) ⊆ T (a(k, n)).
¥
Let us finish the proof of the final “not 1 implies not 5” part of Theorem 212.
Given a sequent Γ ⇒ ∆ not provable in LPG−
we have constructed an
0
interpretation ∗ such that Γ∗ are all true, and ∆∗Vare all W
false in the standard
model of arithmetic (Lemma 216). Therefore, ( Γ → ∆)∗ is false.
¥
COROLLARY 220 (Completeness of LP).
LP(CS) ` F iff F is (provably) valid under constant specification CS .
COROLLARY 221.
LP ` F iff F is (provably) valid under some constant specification .
COROLLARY 222. LP0 is decidable.
Given an LP-formula F run the saturation algorithm A on a sequent ⇒ F .
If A fails, then LP0 ` F . Otherwise, LP0 6` F .
COROLLARY 223 (Cut-elimination in LP0 ). Every sequent derivable in
LPG
0 can be derived without the cut rule.
Proof. By Theorem 212, LPG−
` Γ ⇒ ∆ iff LPG
0 ` Γ ⇒ ∆.
0

¥

Cut-elimination in the intuitionistic version of LP was established by a syntactical method in [Artemov, 1998; Artemov, 2002]. An idea of a semantical
proof of cut-elimination for the whole LP was presented in [Artemov, 2001],
a detailed proof was given in [Renne, 2004].
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Decidability of LP follows from the results of [Mkrtychev, 1997]. This
fact can also be easily obtained from the cut-elimination property of LP.
COROLLARY 224 (Non-emptiness of provability semantics for LP).
For any constant specification CS there exists a CS-interpretation ∗.
Proof. An easy inspection of the rules in LPG
0 shows that the sequent CS ⇒
G
`
6
CS
⇒
. Indeed, if LPG−
` c:A ⇒ ,
is not derivable in LPG−
,
thus,
LP
0
0
0
then c : A is introduced by the rule (: ⇒ ) from a previously derived sequent
A ⇒ . This is impossible, since A is an axiom of LP0 , thus, LPG
0 ` ⇒ A:
G
should LPG
`
A
⇒
,
we
would
have
LP
`
⇒
,
which
is
impossible,
e.g.
0
0
because LPG−
`
6
⇒
.
0
G
From LPG
0 6` CS ⇒ it follows that LP0 6` ⇒ ¬CS. By Theorem 212,
there exists an interpretation ∗ such that (¬CS)∗ is false, i.e. CS ∗ is true.
¥
COROLLARY 225 (Arithmetical completeness of S4).
S4 ` F

⇔ F r is (provably) valid for some realization r.

DEFINITION 226. A propositional formula F is proof realizable if (t(F ))r
is valid under some realization r.
THEOREM 227 (Provability completeness of IPC). For any formula F
IPC ` F

⇔ F is proof realizable.

Proof. A straightforward combination of Gödel-McKinsey-Tarksi reduction
of IPC to S4:
IPC ` F ⇔ S4 ` t(F )
([Gödel, 1933; McKinsey and Tarski, 1948], cf. also [Chagrov and Zakharyaschev, 1997] Section 3.9, [Troelstra and Schwichtenberg, 1996] Sections 10.2
and 10.6), and the arithmetical completeness of S4, (Corollary 225).
¥
Theorem 227 provides an exact specification of IPC by means of classical
notion of proof consistent with BHK semantics.
Why, despite a steady interest in the subject, did the problem of finding the intended provability semantics for intuitionistic and modal logic S4
evade the solution for so long? Here are some challenges that were to be
met.
1. The search for the right provability format for modal logic S4 proved
long and difficult. Gödel’s work of 1938 where he suggested such a format
was not published until the actual solution to the problem, so it did not
help the process. Solving the problem in a purely modal language could not
be achieved, as was noticed in [Montague, 1963].
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2. The technical part turned out not to be easy either. Many approaches
coming from the related areas, such as λ-calculus or combinatory logic,
had to be reconsidered. Turning from quantifiers over proofs to functions
representing proofs “á la Skolem” gives rise to the phenomenon of selfreferentiality. A question had to be answered, how to handle expressions of
type t : F (t), where a proof term t may occur in the very formula it proves.
The necessary experience in dealing with self-referentiality in a similar context was gathered during more than 20 years of research in provability logic,
where modality 2F was interpreted as Prov(F ) (cf. the first part of this
article).
12

MODELS FOR THE LOGIC OF PROOFS

The logic of proofs LP is complete with respect to the natural provability
semantics. Still, having a family of convenient artificial models for LP could
be very important for a successful study of LP and its applications.
The first artificial models for LP were introduced in [Mkrtychev, 1997].
Let us fix a constant specification CS = {c1 : A1 , c2 : A2 , . . . }, where each ci
is a proof constant and each Ai is an axiom of LP. A Mkrtychev model (M model; in [Mkrtychev, 1997] these structures are called pre-models) for LP,
corresponding to the constant specification CS, is a pair of mappings (∗, °).
Here a witness function ∗ maps every proof polynomial t into a set ∗(t)
of formulas, which admit t as an “acceptable witness.” °, in turn, is a
truth assignment on formulas. The witness function is consistent with the
constant specification CS, i.e. if c : A ∈ CS then A ∈ ∗(c). In addition, ∗ is
consistent with the operations of LP, i.e.
if (F → G) ∈ ∗(s) and F ∈ ∗(t) then G ∈ ∗(s · t)
if F ∈ ∗(t) then t : F ∈ ∗(! t)
∗(s) ∪ ∗(t) ⊆ ∗(s + t)
The truth assignment ° is defined by an (arbitrarily) assignment of truth
values to propositional letters; it is then inductively distributed over all
LP-formulas according to the usual laws for Boolean connectives and the
following condition for modalized formulas:
° t:F

⇔ F ∈ ∗(t) and ° F

In other words, “t : F is true” means that “t is an acceptable witness for F
and that F is true”. In principle for any given M -model, it is possible to
construct another model equivalent to M by restricting the witness function ∗ in a certain way so that the truth value of formulas t : F would depend
solely upon the witness function:
° t:F

⇔ F ∈ ∗(t)
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In [Mkrtychev, 1997], soundness and completeness of LP with respect to
M -models established. This result was obtained via the classical method of
maximal consistent sets of formulas. M -models proved to be a convenient
tool for studying the logic of proofs. For instance, they helped to establish
in [Mkrtychev, 1997] the decidability of LP.
[Kuznets, 2000] obtained an upper bound Σp2 on the satisfiability problem
for LP-formulas in M -models. This bound was lower than the known upper
bound PSpace on the satisfiability problem in S4. One of the possible
explanations, why LP wins in complexity over closely related to it S4, is
that the satisfiability test for LP is somewhat similar to the type checking,
i.e. checking the correctness of assigning types (formulas) to terms (proofs),
which is known to be relatively easy in classical cases.
M -models were further explored in N. Krupski’s paper [Krupski(jr.),
2003], where he constructs the minimal model of LP, which completely describes derivability in LP of “modalized” formulas (i.e. formulas of type t :
F ), namely
° t : F ⇔ LP ` t : F
This yielded a better upper bound (NP) for the “modalized” fragment of
the logic of proofs ([Krupski(jr.), 2003]). The minimal model is also used
in [Krupski(jr.), 2003] to answer a well-known question about the disjunctive
property of the logic of proofs:
LP ` s : F ∨ t : G

⇔

LP ` s : F or LP ` t : G

M. Fitting in [Fitting, 2003a; Fitting, 2003b] gave a description of the
canonical model for LP as a Kripke style model and established the fundamental fully explanatory property of the model: if F is true in all the
worlds reachable from Γ, then t : F must be true in Γ for some polynomial t.
Fitting gives an application of the canonical model by providing an alternative “semantical” proof for the realizability theorem of S4 in LP, whereby
clarifying the role of operation “+” in this realization.
In [Fitting, 2003b; Fitting, 2005] a general definition of Kripke-style models for LP was also developed. A frame is a structure (G, R), where G is a
non-empty set of states or possible worlds, and R is a binary relation on G,
called accessibility. Given a frame (G, R), a possible evidence function E is a
mapping from states and proof polynomials to sets of formulas. We can read
X ∈ E(Γ, t) as “X is one of the formulas that t serves as possible evidence
for in state Γ.” An evidence function must obey conditions that respect
the intended meanings of the operations on proof polynomials. Except for
monotonicity, the following have their origins in [Mkrtychev, 1997].
DEFINITION 228. E is an evidence function on (G, R) if, for all proof
polynomials s and t, for all formulas X and Y , and for all Γ, ∆ ∈ G:
1. Application X → Y ∈ E(Γ, s) and X ∈ E(Γ, t) implies Y ∈ E(Γ, s · t).
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2. Monotonicity ΓR∆ implies E(Γ, t) ⊆ E(∆, t).
3. Proof Checker X ∈ E(Γ, t) implies t : X ∈ E(Γ, !t).
4. Sum E(Γ, s) ∪ E(Γ, t) ⊆ E(Γ, s + t).
As usual in Kripke semantics, truth of atomic formulas at possible worlds
is specified arbitrarily.
A structure M = (G, R, E, V) is a weak LP-model provided (G, R) is a
frame with R reflexive and transitive, E is an evidence function on (G, R),
and V is a mapping from propositional variables to subsets of G.
Given a weak model M = (G, R, E, V), a forcing relation is defined by
the following rules. For each Γ ∈ G:
1. Γ ° S for a propositional variable S provided Γ ∈ V(S).
2. Γ ° ⊥ never holds—written Γ 6° ⊥.
3. Γ ° X → Y if and only if Γ 6° X or Γ ° Y .
4. Γ ° t : X if and only if X ∈ E(Γ, t) and, for every ∆ ∈ G with ΓR∆,
∆ ° X.
We say X is true at world Γ if Γ ° X, and otherwise X is false at Γ.
A weak LP-model M is Fully Explanatory provided that, whenever ∆ ° X
for every ∆ ∈ G such that ΓR∆, then for some proof polynomial t we have
Γ ° t : X. If M is a weak LP-model, and if the Fully Explanatory condition
is also met, then M is a strong LP-model.
The following completeness theorems have been established in [Fitting,
2003b; Fitting, 2005].
THEOREM 229. LP is complete with respect to weak LP-models and with
respect to strong LP-models.
As it was noted by V. Krupski, LP is complete with respect to the class of
Mkrtychev models with the fully explanatory property. Thus, completeness
of LP with respect to strong Fitting models is reached on one-element models
(i.e. on Mkrtychev models which are fully explanatory). The power of
Fitting models became apparent in epistemic logics containing both proof
polynomials and the usual S4-modality, since the accessibility relation does
not degenerate in these logics (cf. Section 13).
A tableau system for the logic of proofs was developed in [Renne, 2004].
B. Renne also established a completeness theorem with respect to M -models
and cut-elimination in the entirely of LP, though cut-elimination in LP with
empty constant specifications was shown in [Artemov, 2001].
The interpolation property of the Logics of Proofs was studied by Tatiana Sidon (who later became Tatiana Yavorskaya) in [Sidon, 1998]. The
standard formulation of the Craig interpolation property for given logic I
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is that, if I ` A → B, then there exists a formula C (an interpolant of
A and B) in the intersection of languages of formulas A and B such that
I ` A → C and I ` C → B. For LP, one can consider two types of
interpolation: a weak interpolation, where only propositional variables of
C need be common to A and B, and a strong interpolation, where both
propositional and proof variables of C have to be common to A and B. As
was shown in [Sidon, 1998], the fragment of LP without functional symbols
(also known as P or BLP) enjoys the strong interpolation property. Derivations in LP with an empty constant specification enjoy the weak (but not
the strong) interpolation property. If CS is not empty, then even the weak
interpolation property in LP(CS) may be violated.
13

FROM LOGICS OF PROOFS AND PROVABILITY TO
EPISTEMIC LOGIC WITH JUSTIFICATIONS

The results of this subsection were taken from [Artemov and Nogina, 2004],
unless stated otherwise. We describe a joint logic LPGL of provability and
proofs, which is the arithmetically complete closure of the logic of provability
GL and the logic of proofs LP. LPGL is a refinement of an earlier system LPP
from [Sidon, 1997; Yavorskaya (Sidon), 2002]. We then describe systems
LPS4 and LPS4− , which may be regarded as basic epistemic logics with
justifications.
DEFINITION 230. Proof polynomials for LPGL are the same as for the logic
of proofs LP (cf. Definition 190).
Note, that there are more axioms and hence more choices to specify proof
constants in LPGL, which makes LPGL-polynomials more expressive than the
standard LP-polynomials.
DEFINITION 231. Using t to stand for any proof polynomial and S for
any sentence variable, the formulas are defined by the grammar
A = S | A1 → A2 | A1 ∧ A2 | A1 ∨ A2 | ¬A | 2A | t : A.
We assume also that “t : ”, “2” and “¬” bind stronger than “∧, ∨”, which
bind stronger than “→”.
The logic of proofs and provability LPGL has axioms and rules as follows.
I. Classical propositional logic
A standard set of classical propositional axioms;
R1. Modus Ponens.
II. Provability Logic GL
GL1. 2(F → G) → (2F → 2G);
GL2. 2F → 22F ;
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GL3. 2(2F → F ) → 2F ;
R2. ` F ⇒ ` 2F ;
R3. ` 2F ⇒ ` F (reflexivity rule).
III. Logic of Proofs LP
LP1. s : (F → G) → (t : F → (s·t) : G);
LP2. t : F → !t : (t : F );
LP3. s : F → (s+t) : F , t : F → (s+t) : F ;
LP4. t : F → F ;
R4. ` c : A, where A is an axiom and c is a proof constant.
IV. New principles connecting explicit and formal provability
C1. t : F → 2F (explicit-implicit connection);
C2. ¬(t : F ) → 2¬(t : F ) (negative introspection);
C3. t : 2F → F (weak reflexivity).
As in Subsection 11.1, a constant specification CS is a finite set {c1 :
A1 , . . . , cn : An } of formulas, where each Ai is an axiom from I-IV and each
ci is a proof constant. By LPGL(CS) we mean a subsystem of LPGL where
R4 is restricted to producing formulas from a given CS only. In particular,
LPGL(∅) is a subsystem of LPGL without R4.
The reflexivity rule R3 is usually omitted in the standard formulation of
GL, since it is an admissible rule of the latter (cf. [Boolos, 1979b; Boolos,
1993]). The same holds here: the rule R3 is derivable from the rest of
LPGL (below). However, we need R3 as a postulated rule of the system to
guarantee a good behavior of LPGL(CS)’s. Another curious feature is the
fact that the axiom C3 is derivable from the rest of LPGL(∅).
LEMMA 232. LPGL(∅) ` t : 2F → F .
Proof.
1. ¬2F → ¬t : 2F (contrapositive of LP4);
2. ¬t : 2F → 2(¬t : 2F ) axiom C2;
3. 2(¬t : 2F ) → 2(t : 2F → F ), by reasoning in GL;
4. ¬2F → 2(t : 2F → F ), from 1, 2 and 3;
5. 2F → 2(t : 2F → F ), by reasoning in GL;
6. 2(t : 2F → F ), from 4 and 5, by propositional reasoning;
7. t : 2F → F , by R3.

¥

However, proof constants corresponding to C3 are needed to guarantee the
internalization property of LPGL. There are other innocent redundancies in
the above formulation of LPGL, for example, GL2 is derivable from the rest
of the system (cf. [Boolos, 1979b]).
LEMMA 233. The following are provable in LPGL(∅) (hence in LPGL and
in LPGL(CS) for any constant specification CS).

PROVABILITY LOGIC

1.
2.

x : F → 2x : F
2x : F ∨ 2¬x : F
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(positive introspection)
(decidability of proof assertions)

Proof.
1.

x : F → !x : x : F ,
!x : x : F → 2x : F ,
x : F → 2x : F ,

by LP2;
by C1;
by propositional logic .

2.

x : F → 2x : F ,
¬(x : F ) → 2¬(x : F ),
2x : F ∨ 2¬x : F ,

by the previous item of this lemma;
by C2;
by propositional logic.

LEMMA 234. LPGL(CS) ` F

⇔ LPGL(∅) `

V

¥

CS → F .

Proof. Similar to Lemma 2.1 from [Yavorskaya (Sidon), 2002], by induction
on a derivation of F in LPGL(CS). The only nontrivial cases are the rules
of necessitation and reflection.
If F is obtained by the necessitation rule, i.e. VF is 2G and LPGL(CS) ` G,
then, by the induction hypothesis, LPGL(∅) ` CS → G. By GL reasoning,
V
LPGL(∅) ` 2 CS → 2G.
By positive introspection (Lemma 233.1) and some trivial GL reasoning,
LPGL(∅) `

V

V
CS → 2 CS,

V
hence, LPGL(∅) ` CS → F.
If F is obtained by the reflectionVrule, then LPGL(CS) ` 2F and, V
by the
induction hypothesis, LPGL(∅) ` CS → 2F , hence LPGL(∅) ` ¬ CS ∨
2F . By the negative introspection (axiom C2) and some GL reasoning,
V
V
LPGL(∅) ` ¬ CS → 2¬ CS.
V
V
Therefore, LPGL(∅) ` 2¬ CS
V ∨ 2F and LPGL(∅) ` 2(¬ VCS ∨ F ). By the
reflection rule, LPGL(∅) ` ¬ CS ∨ F , hence, LPGL(∅) ` CS → F .
¥
Note, that both positive and negative introspection are needed to reduce
the whole of LPGL to its fragment with unspecified constants LPGL(∅).
LEMMA 235. For any formula F there are proof polynomials upF (x) and
downF (x) such that LPGL proves
1.
2.

x : F → upF (x) : 2F ;
x : 2F → downF (x) : F .

Proof.

154

1.

SERGEI N. ARTEMOV & LEV D. BEKLEMISHEV

x : F → 2F ,
a : (x : F → 2F ),
!x : x : F → (a·!x) : 2F ,
x : F → !x : x : F ,
x : F → (a·!x) : 2F ,
It suffices now to put upF (x)

by C1;
specifying constant a, by R4;
by LP1 and propositional logic;
by LP2;
by propositional logic .
equal to a·!x such that a : (x : F → 2F ).

2.

x : 2F → F ,
by C3;
b : (x : 2F → F ),
specifying constant b, by R4;
!x : x : 2F → (b·!x) : F , by LP1 and propositional logic;
x : 2F → !x : x : 2F ,
by LP2;
x : 2F → (b·!x) : F ,
by propositional logic .
It suffices now to put downF (x) equal to b·!x such that b : (x : 2F → F )

¥

PROPOSITION 236 (Constructive necessitation in LPGL).
If LPGL ` F then LPGL ` p : F for some proof polynomial p.
Proof. Induction on a derivation of F . The only interesting cases are
rules R2 and R3. If F is obtained by R2, then F = 2G and ` G. By the
induction hypothesis, ` t : G for some proof polynomial t. Use lemma 235.1
to conclude that ` upG (t) : 2G and put p = upG (t). If F is obtained by R3,
then ` 2F . By the induction hypothesis, ` t : 2F for some proof polynomial
t. Use lemma 235.2 to conclude that ` downF (t) : F and put p = downF (t).
Note that the presented derivation of p : F does not use R2.
¥
An easy modification of the above argument shows that LPGL enjoys the
internalization property.
COROLLARY 237. The necessitation rule R2 is derivable from the rest of
LPGL.
Indeed, if ` F then, by proposition 236, ` p : F for some proof polynomial
p. By C1, ` 2F .
Note that R2 is not redundant in LPGL(CS) for any specific CS. Indeed, to
emulate R2 one needs to apply constructive necessitation to the unbounded
set of theorems, which requires an unbounded set of constant specifications.

13.1 Kripke models for LPGL
DEFINITION 238. An LPGL-model is a triple (K, ≺, °) where (K, ≺) is a
finite irreflexive tree with a unique root node, ° is a forcing relation between
nodes of K and LPGL-formulas satisfying the following forcing conditions:
1. usual modal conditions for 2, i.e. ° respects boolean connectives at
each node, a ° 2F iff b ° F , for all b Â a;
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2. stability for every formula t : F either all nodes of K force t : F or all
nodes of K force ¬t : F ;
3. LP1-LP4 hold at each node.
A formula F holds in a model M if F is forced at each node of M . The
root node of a model is called root. Put
S(F ) = {2G → G | 2G is a subformula of F }.
We call a model F -sound, if root ° S(F ). Similar conditions on a Kripke
model could be found in [Artemov, 1994; Yavorskaya (Sidon), 2002]. Moreover, each LPP-model is also a LPGL-model. A model M is a CS-model,
for a given constant specification CS = {c1 : A1 , c2 : A2 . . . cn : An }, if M is
X-sound and X holds in M for each X = ci : Ai from this CS. A formula F
is CS-valid if it holds in each F -sound CS -model.
THEOREM 239 (Completeness). LPGL(CS) ` F iff F is CS-valid.

13.2 Provability semantics for LPGL
The provability semantics for LPGL in Peano Arithmetic PA is the natural
blend of those for the provability logic GL and the logic of proofs LP.
DEFINITION 240. Let ∗ be an interpretation from Definition 204. We
define an arithmetical translation of proof terms and LPGL-formulas by
induction as in Definition 204 with one extra clause:
(2F )∗ = ∃xPrf(x, pF ∗ q).
THEOREM 241 (Arithmetical completeness). For any given constant specification CS, LPGL(CS) ` F iff PA ` F ∗ for all CS-interpretations ∗.

13.3 Basic logics of knowledge with justifications
As we have already mentioned in Introduction, there is a well developed
approach due to [Kuznetsov and Muravitsky, 1977; Goldblatt, 1978; Boolos,
1979b] of emulating S4 in GL via strong provability modality ¡F = F ∧
2F . This translation could be applied to derive basic epistemic logics with
justifications, LPS4 and LPS4− , from LPGL.
DEFINITION 242. Polynomials and formulas in LPS4 and LPS4− are the
same as in LPGL. The system LPS4 has the following axioms and rules
I. Classical propositional logic.
II. Basic Epistemic Logic S4 (as in Introduction).
III. Logic of Proofs LP (as in LPGL).
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IV. Principle connecting explicit and implicit knowledge
C1. t : F → 2F .
LPS4 contains both LP and S4, enjoys the deduction theorem, analogues of
the lifting lemma, internalization, constructive necessitation. The principle
of weak reflexivity t : 2F → F is derivable in LPS4, explicit reflexivity
t : F → F is redundant but we keep it listed for convenience.
DEFINITION 243. LPS4− = LPS4 together with the negative introspection
C2. ¬(t : F ) → 2¬(t : F ).
For an alternative formulation of LPS4− one could replace C1 and C2 by
one principle of decidability of evidences.
As usual, by LPS4(CS) and LPS4− (CS) we understand the corresponding
systems where specifications of constants are taken from a given set CS.

13.4 Models for LPS4 and LPS4−
The logics of proofs and provability gave us a clear idea how to build Kripke
models for LPS4 and LPS4− . We will consider here the case of LPS4− .
DEFINITION 244. An LPS4− -model is a triple (K, ¹, °) where (K, ¹) is a
connected S4-frame (transitive and reflexive), ° is a forcing relation between
nodes of K and LPS4− -formulas satisfying the forcing conditions.
1. usual modal conditions for 2, i.e. ° respects boolean connectives at
each node, a ° 2F iff b ° F for all b º a;
2. stability of explicit knowledge every formula t : F either holds at all
nodes of K or does not hold at all nodes of K;
3. LP1-LP4 hold at each node.
A formula F holds in a model M if F holds at each node of M . M is an
CS -model, for a given constant specification CS = {c1 : A1 , c2 : A2 . . . cn : An }
if all ci : Ai ∈CS hold in M . A formula F is CS-valid if it holds in each
CS -model.
From this definition it follows that whereas x ° 2F is understood in the
conventional manner as F holds in all worlds accessible from a given x, an
assertion x ° t : F says that F holds in all worlds of the model.
THEOREM 245 (Completeness). LPS4− (CS) ` F iff A is CS-valid.
It follows from the proof of the above theorem that LPS4− (CS) is decidable
for each constant specification CS.
The logic LPS4 is, perhaps, the minimal epistemic logic with justifications
when no specific assumptions were made concerning the character of the
explicit knowledge operators. As a formal system LPS4 behaves normally: it
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is closed under substitutions, enjoys the deduction theorem, internalization,
has Kripke-style models, is sound with respect to the arithmetical semantics
of the strong provability. Furthermore, LPS4 has some interesting features
not present in LPS4. In particular, LPS4 enjoyed the Fitting semantics
(Definition 228) with the standard understanding of x ° 2F ([Artemov and
Nogina, 2004]). Furthermore, [Fitting, 2004] established the completeness
of LPS4 with respect to weak LP-models, Definition 228.
THEOREM 246. LPS4 is complete with respect to weak LP-models.
[Fitting, 2004] also built a natural cut-free tableaux system for LPS4.

13.5 Arithmetical semantics for LPS4 and LPS4−
Arithmetical semantics for LPS4 and LPS4− is provided by the strong provability operator defined in the provability logic as ¡F := F ∧ 2F .
DEFINITION 247. Define a translation + of LPS4 formulas into the language of LPGL: S + = S, (A → B)+ = (A → B), (¬A)+ = ¬A,
(t : A)+ = t : A, (2A)+ = A ∧ 2A.
LEMMA 248. If LPS4, LPS4− ` F , then LPGL ` F + .
An arithmetical provability semantics of LPS4 and LPS4− is inherited
from the one of LPGL: in Definition 240 the item corresponding to the
modality should be altered to the strong provability reading:
(2F )∗ = F ∗ ∧ ∃xPrf(x, pF ∗ q).
THEOREM 249 (Arithmetical soundness of LPS4 and LPS4− ).
If LPS4, LPS4− ` F , then PA ` F ∗ for any arithmetical interpretation ∗.
An arithmetically complete system LPS4Grz− of the strong provability
with proofs can be axiomatized by adding to LPS4− the modal axiom by
Grzegorczyk 2(2(F → 2F ) → F ) → F . Kripke models for LPS4Grz−
are the special sort of LPS4− -models when the frame is a reflexive partial
order.
14

THE LOGIC OF SINGLE-CONCLUSION PROOFS

By definition, each single-conclusion proof, also known as functional proof,
proves a unique formula. As it was noticed earlier, the modality of provability corresponds to multi-conclusion proofs, whereas single-conclusion proofs
lead to modal identities inconsistent with any normal modal logic.
In the functional logic of proofs, a formula t : F still has the meaning “t is
a proof of formula F ,” but the class of its possible interpretations is limited
to functional proof systems only. The mathematical problem here was to
give a full axiomatization of all resulting tautologies in the language of LP
(without the operation “+” that is inconsistent with functional proofs).
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The first step in finding such a complete system was to give a propositional description of the functionality property of proofs, which states that if
p : F ∧p : G then F and G must coincide syntactically. The adequate description of this property was found in [Artemov and Strassen, 1992b] using a
so-called conditional unification. It was then generalized in [Krupski, 1997;
Krupski, 2002] to the full language of the logic of proofs.
Each formula C of type t1 : F1 ∧ . . . ∧ tn : Fn generates a set of quasiequations of type SC :={ ti = tj ⇒ Fi = Fj | 1 ≤ i, j ≤ n }. A unifier σ of
a system SC is a substitution σ such that either ti σ 6≡ tj σ or Fi σ ≡ Fj σ
holds for any i, j. Here and below “X ≡ Y ” denotes the syntactic equality
of X and Y .
DEFINITION 250. (Conditional unification.) A = B (mod S) means that
for each unifier σ of system S the property Aσ ≡ Bσ holds.
LEMMA 251 (Decidability of conditional unification). A = B (mod S) is a
decidable relation over A, B, S.
DEFINITION 252. (Unification axiom) t1 : F1 ∧ . . . ∧ tn : Fn → (A ↔ B),
for each condition C of type t1 : F1 ∧ . . . ∧ tn : Fn and each A, B such that
A = B (mod SC ).
Logic FLP of functional proofs was introduced in [Krupski, 1997]. The
language of FLP is the language of LP without the operation “+” and
without proof constants. The axioms and rules of FLP are
Axiom schemes:
A0. Finite set of axiom schemes of classical propositional logic;
A1. t : F → F ;
A2. t : (F → G) → (s : F → (t·s) : G);
A3. t : F → !t : (t : F );
A4. Unification axiom.
Rule of inference:
R1. modus ponens.
The following result was obtained in [Krupski, 1997; Krupski, 2002].
THEOREM 253. FLP is decidable, sound, and complete with respect to the
arithmetical provability interpretation based on single-conclusion proof predicates.
The logic of functional proofs was further developed in [Krupski, 2005],
where a logic of proofs with references FLPref was introduced. System FLPref
extends FLP with second-order variables which denote the operation of reconstructing an object from its reference, e.g., determining a formula proven
by a given derivation. FLPref may also be viewed as a natural formal system
for admissible propositional rules in arithmetic.
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REFLECTION IN TYPED λ-CALCULUS AND COMBINATORY
LOGIC

The logic of proofs naturally bridges two domains: the epistemic one, represented by modal logic and the computational one, represented by typed
λ-calculi and combinatory logic. LP may be considered both as a realized
modal logic S4 and as a typed combinatory logic with added expressive
power. There is a natural analogy with the Curry-Howard isomorphism
which states the identity of intuitionistic proofs and typed λ-terms understood as computational programs. I this section we will discuss what kind
of new principles in λ-calculi and combinatory logic are prompted by this
new development in the logic of proofs.
The original formulation of the logic of proofs LP was close to the typed
combinatory logic format (cf. commentary in section 11) rather than in
a more common format of λ-calculus. LP can emulate the λ-abstraction
operator, e.g. in Curry-style as is standard in combinatory logic CL → (see,
for example, [Troelstra and Schwichtenberg, 1996], p. 17). LP has many
features not typical of λ-calculi, such as polymorphism, self-referentiality,
capability to internalize its own derivations, etc. Polymorphism is not
compatible with normalization property, and we have to give it up along
with self-referentiality, which cannot be formulated in a language where
each term has its own fixed type. On the other hand, the internalization
property has had a prototype in λ-calculi, namely, the Curry-Howard isomorphism stated in form: if A1 , . . . , An ` B in intuitionistic logic, then
x1 : A1 , . . . , xn : An ` t(x1 , . . . , xn ) : B in λ-calculus for some λ-term t.
In [Alt and Artemov, 2001], some version λ∞ of a reflexive λ-calculus
was suggested that has an unrestricted internalization property. λ∞ has
the implicative intuitionistic (minimal) logic as a type system, a role of
atoms is played by both usual propositional variables (atomic types) and
statements of form t : F , where t is a term and F is a type. The “term:type”
correspondence is a rigid typing “á la Church”, i.e. each term has a unique
type. λ∞ has several countable series of term-building operations. Admissibility of the internalization rule for λ∞ is proven as a metatheorem.
The existence and the uniqueness of normal forms in λ∞ all appear to be
connected with the depth of type preservation during reductions, which is a
new phenomenon compared to ordinary λ-calculus. This theory is currently
under development.

15.1 Reflexive Combinatory Logic
Systems of combinatory logic are usually more compact than their corresponding λ-calculi. Reflexive combinatory logic RCL introduced in [Artemov, 2004] is no exception. RCL has the implicative intuitionistic (minimal)
logic as a type system, a rigid typing. Reflexive combinatory terms are built

160

SERGEI N. ARTEMOV & LEV D. BEKLEMISHEV

from variables, “old” combinators k and s, and new combinators d, o, and
c. The principles of RCL are
A1. t : A → A;
A2. k : (A → (B → A));
A3. s : [(A → (B → C)) → ((A → B) → (A → C))];
A4. d : (t : A → A);
A5. o : [u : (A → B) → (v : A → (u · v) : B)];
A6. c : (t : A → !t : t : A);
Modus Ponens rule. RCL has a natural provability semantics inherited
from LP. Combinatory terms stand for proofs in PA or in intuitionistic
arithmetic HA. Formulas t : F are interpreted as arithmetical statements
about provability, Proof(t, F ), combinators k, s, d, o, and c denote terms
corresponding to proofs of arithmetical translations of axioms A2–A6.
RCL evidently contains implicative intuitionistic logic, ordinary combinatory logic CL→ and is closed under the combinatory application rule
u : (A → B) v : A
.
(u·v) : B
The next theorem was established in [Artemov, 2004].
THEOREM 254. RCL enjoys the internalization property: if A1 , . . . , An `
B, then for any set of fresh variables x1 , . . . , xn of respective types it is
possible to construct a term t(x1 , . . . , xn ) such that
x1 : A1 , . . . , xn : An ` t(x1 , . . . , xn ) : B .
One of the goals of RCL was to introduce a more expressive system of
types and terms intended for programming language applications. Thus,
it is interesting to consider the following natural (though informal) computational semantics for combinators of RCL. This semantics is based on
the standard set-theoretic semantics of types, i.e. a type is a set and the
implication type U → V is a set of functions from U to V . Some elements of
a given type may be constructive objects which have names, i.e. computational programs. Terms of RCL are names of constructive objects, which are
either specific (e.g. combinators k, s, d, o, or c) or variable. The type t : F is
interpreted as a set, consisting of the object corresponding to term t. Basic
combinators of RCL are understood as follows:
Combinators k and s are borrowed from the combinatory logic CL →
along with their standard functional semantics. For example, k maps an
element x ∈ A into the constant function λy.x with y ranging over B.
The denotate combinator d : [t : F → F ] realizes the fundamental denotate
function which maps a name (program) into the object with the given name.
A primary example is the correspondence between indexes of computable
functions and functions themselves.
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The interpreter combinator o : [u : (F → G) → (v : F → (u·v) : G)] realizes
the interpreter program which maps program u and input v into the result
of applying u to v.
The coding combinator c : [t : F → !t : (t : F )] maps program t into its
code !t (alias, specific key in a database, etc.).
16

NEW APPROACH TO THE FOUNDATIONS OF VERIFICATION.

In the following example the provable principle of explicit reflection t : F →
F from LP is applied to the verification theory. This example shows how
the main idea of the logic of proofs, i.e., replacing quantifiers over proofs by
explicit functions that realize actual proofs, may result in a more adequate
mathematical model.
A metatheory for formal (possibly computerized) proof-checking systems, called here verification systems, was developed by Davis and Schwartz
in [Davis and Schwartz, 1979]. They consider the following common scheme
of building a formal verification system V . First the kernel V0 of the system
is chosen so that this kernel is elementary enough to declare its consistency
evident and thus postulate it; V0 is assumed to be expressive enough to be
able to formalize proofs and check their correctness. The system is then
extended with verified inference rules, e.g., with proven facts. Unlike what
is typical in the foundations of mathematics where a theory is extended
with new axioms to enhance the theory, here the extension of V is aimed
at increasing effectiveness of the deductive apparatus of V , thereby maintaining the metamathematical power of V at the same level as that of V0 if
possible.
The inference rule Γ/F is considered to be verified in V , if
V ` 2Γ → 2F ,
where 2Γ, 2F are formal statements about provability in V of all formulas from Γ and of F , respectively. Adding the rule Γ/F to V yields
V 0 = V + Γ/F . An extension V 0 of the system V is called stable, if V 0 is
conservative over V . The main metamathematical question concerning this
extension scheme is the following: is the theory V always capable of proving
its own stability? In [Davis and Schwartz, 1979], this question was answered
negatively. The reason can be explained by the following argument. Suppose one wishes to prove that V 0 ` F implies V ` F by an induction on
the derivation in V 0 . The essential case of the induction step corresponds
to the transition from V ` Γ to V ` F for an arbitrary instance of the
inference rule under consideration, Γ/F . Internalization of V ` Γ yields
V ` 2Γ; evidently, this step may be formalized in V . Using the fact that
V ` 2Γ → 2F one gets V ` 2F , whence it follows that V ` F . The last
transition, from V ` 2F to V ` F , cannot (in general) be justified by means
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of V because reflection 2A → A is not provable in V (Löb’s theorem). The
conclusion in [Davis and Schwartz, 1979] is that the considered process of
building verification systems cannot be justified by initial assumptions of a
system’s consistency.
The paper [Artemov, 1999] analyzes the growth of metamathematical
assumptions about a theory in a process of its extension according to the
described scheme and suggests a new extension scheme free from the limitations of Davis and Schwartz’s. According to this new scheme, a verification
of inference rule Γ/F is done in an explicit manner by constructing a computable term t(x) and a proof of V ` x : Γ → t(x) : F . The advantage is
that the stability of the resulting extensions is provable inside the system itself, which allows us to get rid of additional metamathematical assumptions
about the given verification system. Here is the general argument showing the provable stability of the explicit verification. As before, the aim is
to show that V 0 ` F implies V ` F . The essential step of the induction
on the derivation in V 0 is again the transition from V ` Γ to V ` F for
the rule Γ/F . Internalizing a given derivation of V ` Γ in the form of a
term s yields V ` s : Γ. Using the fact that V ` x : Γ → t(x) : F one gets
V ` s : Γ → t(s) : F and therefore V ` t(s) : F . The provability of explicit
reflection V ` t(s) : F → F leads to a conclusion that V ` F .
An analysis of examples of implicit verification á la Davis-Schwartz shows
that to prove “there exists a proof of Γ” implies in V that “there exists a
proof of F ,” one usually first shows that V ` x : Γ → t(x) : F and then
explicit terms x, t(x) are replaced by existential quantifiers to satisfy the
format of implicit verification. Thereby a knowledge of the term t(x) was
not used at all because of a lack of a theoretically justified mechanism for
its utilization. Thus, in spite of the more restrictive format of explicit
verification, it is reasonable to assume that in practice explicit verification
is applicable if and only if implicit verification is.
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